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AHHOTaqHH 

Mm paccMaTpHBaeM ^eTepMHHHCTHHecKyio h KBaHTOByio /uraaMHKy c kohct- 
pyKTHBHoii "KOHeHHoii" tohkh 3peHHH, nocKOjiBKy BBefleHHe KOHTHHyyMa hjih ffpy- 
rnx aKTyajibHbix GecKOHeHHOCTeii b cpH3HKy co3,a;aeT cepte3HBie KOHHenTyajibHbie 

H TeXHHHeCKHe TpyTHOCTH 6e3 KaKOit-JIIl6o Heo6xO,THMOCTH B 3THX nOHHTHHX flJTH 
CpH3HKH K&K 3MnHpHHeCKOH HayKH. Oco6oe BHHMaHHe yflejIHeTCH CHMMeTpHHHbIM 
CBOHCTBaM flHCKpeTHblX CHCTeM. ^JIH COrjiaCOBaHHOrO OnHCaHHH CHMMeTpHH flMHa- 
MHHeCKHX CHCTeM B pa3JIHHHbie MOMeHTbl BpeMeHH H CHMMeTpHH pa3JIHHHbIX Ha- 
CTeft TaKHX CHCTeM Mbl BBOflHM ^HCKpeTHbie aHajIOTH KajIH6pOBOHHbIX CBH3HOCTeft. 

9th CTpyKTypbi oco6eHHO BancHbi fljia onncaHHH KBaHTOBoro noBefleHHH. Chmmct- 
pHH onpe^ejiHioT (pyHflaMeHTajibHbie CBoitcTBa nc-BefleHHH flHHaMHHecKHX CHCTeM. 

B HaCTHOCTH, MOJKHO nOKa3aTb, HTO flBHHtyiHHeCH COJIHTOHOnOflo6Hbie CTpyKTy- 
pbi B03HHKaioT HeH36ejKHO b fleTepMHHHCTHHecKoii flHHaMHHecKoft CHCTeMe, rpynna 
CHMMeTpHft KOTopoit pa36nBaeT MHOJKecTBO coctohhhh Ha KOHeHHoe hhcjio rpynno- 
Bbix op6nT. Mbi noKa3biBaeM, hto KBaHTOBoe noBefleHHe flHHaMHnecKHX chctcm hb- 
jiaeTCH ecTecTBeHHbiM cjie^cTBHeM hx CHMMeTpHH. Taxoe noBe^eHHe HBjraeTCH pe- 
3yjibTaTOM cpyHflaMeHTajibHoii hcbo3mojkhocth npocjieflHTb HfleHTHHHOCTb Hepa3- 

JIHHHMblX o6b>eKTOB B npOHeCCe 3BOJHOHHH. ^OCTynHa JIHHIb HH(popMau;HH 06 HHBa- 

pnaHTHbix yTBepjKfleHHHX h BejiHHHHax, othochihhxch k TaKHM o6T>eKTaM. Hcnojib- 
3ya MaTeMaTHHecKHe apryMeHTbi o6mero xapaKTepa mojkho noKa3aTb, hto jHo6aa 
KBaHTOBaa flimaMHKa MonceT 6biTb CBe^eHa k nocjieflOBaTejibHOCTH nepecTaHOBOK. 
KBaHTOBbie HHTep(pepeHii,HH B03HHKaiOT b HHBapiiaHTHbix no/;npocTpaHCTBax ne- 
pecTaHOBOHHbix npe^cTaBjieHHit rpynn CHMMeTpnfi flHHaMHnecKHX chctcm. Ha6jno- 
flaeMbie BejiHHHHbi MoryT 6biTb BbipajKeHbi b TepMHHax nepecTaHOBOHHbix HHBapn- 
aHTOB. Mm noKa3biBaeM TaKJKe, hto pjisi onncaHHii KBaHTOBbix hbjichhh, bmccto 

HeKOHCTpyKTHBHOH HHCJIOBOH CHCTeMbI — nOJIH KOMnjieKCHblX HHCejI, flOCTaTOHHO 

Hcnojib30BaTb i^HKjioTOMHHecKHe nojia — MHHHMajibHbie pacninpeHHH HaTypajib- 
hmx HHceji, npHroflHbie /i;ji5i KBaHTOBoit MexaHHKH. Kc-HenHbie rpynnbi CHMMeTpnit 
nrpaioT neHTpajibHyio pojib b flaHHoit CTaTbe. HHTepec k TaKHM rpynnaM HMeeT pp- 

nOJIHHTejIbHyK) MOTHBaUHIO B (pH3HKe. MHOrOHHCJieHHbie SKCnepHMeHTbl h Ha6jno- 

fleHHH b (pH3HKe sjieMeHTapHbix nacTHii; yKa3biBaioT Ha BajKHyro pojib KOHeHHbix 
rpynn OTHOCHTejibHO hcbmcokhx nopH^KOB b pflfle cpyHflaMeHTajibHbix npoueccoB. 
IlpoHcxoJKfleHHe 3thx rpynn He HMeeT o6 r bHCHeHHH b paMKax npH3HaHHbix b Ha- 
CTOHinee BpeMH TeopHft, b nacTHOCTH, b CTaHflapTHoft Mo^ejiH. 
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We study deterministic and quantum dynamics from a constructive "finite" 
point of view, since the introduction of a continuum, or other actual infinities 
in physics poses serious conceptual and technical difficulties, without any need 
for these concepts to physics as an empirical science. Particular attention is paid 
to the symmetry properties of discrete systems. For a consistent description of 
the symmetries of dynamical systems at different times and the symmetries of 
the various parts of such systems, we introduce discrete analogs of the gauge 
connections. Gauge structures are particularly important to describe the quantum 
behavior. Fundamental properties of the behavior of dynamical systems are defined 
by their symmetries. In particular, we can show that the moving soliton-like structu- 
res are inevitable in a deterministic (classical) dynamical system, whose symmetry 
group breaks the set of states into a finite number of orbits of the group. We 
show that quantum behavior is a natural consequence of symmetries of dynamical 
systems. This behavior is the result of a fundamental inability to trace the identity 
of indistinguishable objects in the process of evolution. Information is available only 
on invariant statements and values, relating to such objects. Using mathematical 
arguments of a general nature we can show that any quantum dynamics can 
be reduced to a sequence of permutations. Quantum interferences occur in the 
invariant subspaces of permutation representations of symmetry groups of dyna- 
mical systems. The observable values can be expressed in terms of permutation 
invariants. We also show that for the description of quantum phenomena, instead 
of a nonconstructive number system — the field of complex numbers, it is enough 
to use cyclotomic fields — the minimal expansions of natural numbers suitable for 
quantum mechanics. Finite groups of symmetries play a central role in this article. 
The interest in such groups has an additional motivation in physics. Numerous ex- 
periments and observations in particle physics point to an important role of finite 
groups of relatively low orders in a number of fundamental processes. The origin 
of these groups has no explanation within the currently recognized theories, in 
particular, in the Standard Model. 

PACS: 03.65.Aa, 03.65.Fd, 03.65.Ta, 02.20.-a, ll.30.-j, 11.15.-q 
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1 BBe^eHHe 

CymecTByeT MHoro apryMeHTOB, xax nparMaTHnecKoro Tax h KOHuenTyajibHoro xapax- 
Tepa, b nojib3y Toro, hto flHCKpeTHaa, hjih ^;a>Ke KOHeHHas MaTeMaTHKa Gojiee npn- 
ro^Ha fljia onHcaHHH <pH3HHecKOH peajibHOCTH, neM HenpepbiBHaa. Oco6eHHO othctjikbo 

3TO npOHBJIHeTCH Ha CpyH^aMeHTajIBHOM ypOBHC B HaCTHOCTH, H3yHeHHe CpH3HHeCKHX 

npoueccoB, npocTpaHCTBeHHO-BpeMeHHbie MacniTaGbi KOTopbix 6jih3kh k njiaHKOBCKHM, 
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nOHTH HeH36e>KHO npHBOJXHT K HeoGxOJXHMOCTH BBe^eHHH JXHCKpeTHblX cTpyKTyp. B Ka- 

necTBe npHMepa moscho npHBecra "soAospacfiuHecKuu npunv^un" T. 't XoocpTa [16], bo3- 
hhkhihh npn H3yHeHHH TepMO^HHaMHKH nepHBix flBip. CorjiacHO 3TOMy npHHininy bch 
cpH3HHecKa5i HHcpopMauHH, co^epjKamaHCH b HeKOTopoil o6jiacTH npocTpaHCTBa, noji- 
HocTbio onpe^ejiHeTca /xHCKpeTHbiMH ^aHHbiMH Ha ^ByMepHoii rpaHHH,e stoh o6jiacTH. 
IIjiothoctb HHcpopMainiH 3THX ^aHHbix paBHa, caMoe Gojibinee, o/XHOMy 6rtj Ha njiaH- 
KOBCKyio njioma/jb {"npede/i BeKeHiumeuHa") . C 6ojiee cneKyjiHTHBHoii tohkh 3peHHH bch 
BcejieHHaa npe^cTaBjiaeT co6oh KOHenHyio HHcpopMaHHOHHyio cTpyKTypy Ha 3aMKHyTOH 
^ByMepHofl penieTKe — "kocmoaozuhcckom sopu30Hme", a Ha6jnoji;aeMbie Tpn H3MepeHHH 
B03HHKaiOT JIHHIb KaK pe3yjibTaT scpcpeKTHBHoro onncaHKH B MaKpOCKOnHHeCKHX Mac- 
HiTaGax h npn hh3khx SHeprnax. 

PfeyneHHe jjHCKpeTHbix chctcm BaJKHO h c npHKjiaiXHOH tohkh 3peHHH: MHorne cpH3H- 
necKHe o6b.eKTbi, jxasce ecjin a^eKBaTHbie fljis hx onncaHHH npocTpaHCTBeHHO-BpeMeHHbie 
MacniTaGbi cymecTBeHHo 6ojibrne cpyH^aMeHTajibHbix — HanocmpyKmypu, Hanpniviep, - 

HBJI5HOTCH no CyiHeCTBy AHCKpeTHblMH, a He HenpepblBHblMH, 06pa30BaHHHMH. 

C KOHn;enTyajibHOH tohkh 3peHHH Bonpoc o tom, "HBjrHeTCH jih peajibHbiii MHp rkc- 
KpeTHbiM hjih HenpepbiBHbiM" hjih /i;a:>Ke "KOHeHHbiM hjih 6e CKOHe hhmm" othochtch hc- 

KJIIOHHTejIbHO K MeTa<pH3HKe, TaK KaK HHKaKHe 3MnHpHHeCKHe Ha6jHO^,eHHH HJIH JIO- 

rHHecKHe apryMeHTbi He b coctohhhh oGocHOBaTb tot hjih hhoh Bbi6op — sto Bonpoc 
Bepbi, BKyca hjih npHBbiHKH. Boo6me, b npaKTHKe H/i,e5i HenpepbiBHOCTH B03HHKaeT H3 
MaKpocKonHHecKoro onbrra KaK npnGjiHJKeHHoe ("ocpedneHHoe", "mepModuHaMUHecKoe") 
onncaHHe Gojibinnx coBOKynHocTefi jxncKpeTHbix 3 jieMeHTOB . THnnnHbifl npHMep cpH3HHe- 
CKoii CHCTeMbi, nopo>Kji;aioHi;eH SMnnpHHecKoe npe/i;cTaBjieHHe o HenpepbiBHOCTH — jkh/i;- 

KOCTb. ,U,HHaMHKa JKHJXKOCTH OnHCblBaeTCH ypaBHeHHHMH B HaCTHblX npOH3BOJXHbIX THna 

ypaBHeHHH HaBbe-CTOKca, Torjxa KaK Ha 6ojiee cpyH^aMeHTajibHOM ypoBHe, jkh^koctb - 
3to coBOKynHocTb MOJieKyji, a Ha enxe 6ojiee <pyH,n;aMeHTajibHOM — KOM6HHauH5i KBaHTo- 
bmx nacTHii,, no/i;HHHHroiirHxc5i ^HCKpeTHbiM saKOHaM 1 . MaTeMaTHHecKoe noHHTHe kohth- 
HyyMa npe/i;cTaBjiHeT co6ofi jiorHHecKoe yTOHHeHHe SMnnpHHecKOH vij\evL HenpepbiBHOCTH. 
KoHeHHO, ^HCKpeTHbie h HenpepbiBHbie MameMamuHecKue TeopHH cymecTBeHHO 

JIHHaiOTCH H 3(p(peKTHBHOCTb HX npHMeHeHHH B (pH3HKe 3aBHCHT OT KOHKpeTHblX HCTO- 

pHiecKHX o6cTOHTejibCTB. HenpepbiBHOCTb no3BOjuieT co3Ji;aBaTb MOji;ejiH cpH3HHecKHX 
CHCTeM, ocHOBaHHbie Ha jxncpcpepeHHHajibHbrx ypaBHeHHHX, jjjts Hccjie/ipBaHHH h peine- 
hhh KOTopbix Gbijio pa3pa6oTaHo GojibHioe kojikhcctbo pa3Hoo6pa3Hbix mctoj^ob. 3mhh- 
pniecKHM SKBHBajieHTOM noHHTHH npoH3BOJXHOH HBjiHeTCH npejxnojio:>KeHHe O TOM, HTO 

Majlbie H3MeHeHHJI (pH3HHeCKHX BejIHHHH npH6jIH3HTejIbHO npOIIOpii;HOHajIbHbI MajIbIM 

H3MeHeHHHM Koop^HHaT, b KOTopbix 3th BejiHHHHbi 3a/i;aHbi. Hcho, hto TaKaH rnnoTe3a 
cymecTBeHHo ynpoHi;aeT (pH3HHecKHe MOJi;ejiH. OaKTHnecKH, co BpeivteH HbioTOHa h jo;o 
noHBjieHHH coBpeMeHHbix KOMnbioTepoB aHajiH3 h flHcpcpepeHHHajibHaH reoMeTpna 6bi- 

JIH eJI^HHCTBeHHblM Cpe^CTBOM MaTeMaTHHeCKOTO H3yHeHHH (|)H3HHeCKHX CHCTeM. BblCOKO 

1 OnncaHne 4>H3HHecKOH chctcmbi Ha3biBaiOT (fieHOMeHOAosuuecKUM, ecjin h3bgctho hjih npe,a;nojiara- 
eTca, hto oho mojkct 6biTb, xoth 6m b npuHiinne, nojiyneHO H3 HeKOToporo 6ojiee cpyHflaMeHTajibHoro 
onncanHH c noMomtio npH6jniJKeHHH h ynpomaiOHiHx npe^nojiojKeHHii. B cjiynae ypaBHeHHii rHflpo^HHa- 
mhkh n,eno x iKy TaKHx ynponienHH, HaHiiHaa ot KBaHTOBO-MexaHHiecKoro onncaHHa:, jierxo npocjieflHTb: 
BKB-npH6jiii}KeHHe — > ypaBHeHne JInyBHjijiH fljia (pyHKn,iiH pacnpeflejieHHH — > pa3jiojKeHHe cpyHKiniH 
pacnpeflejieHHH no nopaflKaM momchtob — > "rnnoTe3bi 3aMbiKaHHH" ((peHOMeHOjioriinecKHe cooTHOine- 
hhh, BbipajKaiomHe "BbicniHe" MOMeHTbi nepes "HH3iHHe" h, TaraM o6pa30M, no3BOjiinoin;He "o6opBaTb" 
6ecKOHe x iHyio iieno^Ky ypaBHeniift fljia momchtob) — > ypaBHeniiH rHflpoflimaMHKii. 
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oueHHBaji SBpiicTHiecKyio cnjiy noHHTHH HenpepBiBHOCTH IlyaHKape (xoth oh h He npn- 
3HaBaji (pyH^aivieHTajiBHyio oGocHOBaHHocTB stoto hohhthh). B KHnre "Hchhoctb Hay™" 
([57], cTp. 288-289 pyccKoro nepeBo^a) IlyaHKape nnrneT: " EduncmeeHHUu ecmecmeeH- 
nuu npedMem MameMamunecKou mucau ecmb u,eAoe hucao. Henpepueuocmu . . . , 6e3 
coMHenuH, u3o6pemeHa hcimu, ho u3o6pecmu ee nac eunyduA eneumuu Mup. Be3 nezo 
ne 6uao 6u anaAU3a BecKOHenno moaux. Bee MameMamuuecKoe 3nanue ceeAocb 6u k 
apnepMeTHKe uau k TeopHH no^cTaHOBOK. Ho mu, nanpomue, noceamuAU U3yv,eHUK> 
nenpepueHocmu nonmu ece name epeMsi, noumu ece nauiu cuau. . . . BaM, 6e3 coMnenuji, 
CKamcym, umo ene u,eAoso hucacl nem cmposocmu, a CAedoeameAbHO, nem MameMamu- 
necKOU ucmuHU, umo oho cnpueaemcfi ecmdy u umo nyotcno cmapamhCH pa3o6AaHurm> 
ezo nonpoeu, xomfi 6u 3ah amoso npuuiAocu o6peuu ce6si na necKOHHaeMue noemopenuR. 
Ho mu ne 6ydeM cmoAb cmposu; mu 6ydeM npu3HameM>nu Henpepueuocmu, Komopan, 
ecAU dacHce ece uexodum U3 u,eA020 hucao,, odna moAbKO 6uacl cnoco6na u36Aeuu U3 nezo 
man mhozoP 

B HacTOHinee BpeMH nncppoBBie TexHojiornn noHTH noBceMecTHo BBiTecHjnoT aHajio- 
roBBie. Bjiarcflapa KOMnBioTepaM peajiBHBie bo3mo>khocth ^HCKpeTHoii MaTeMaTHKH b 

npHJIOJKeHHHX CymeCTBeHHO BBipOCJIH. CoOTBeTCTBeHHO H "^HCKpeTHBIli" CTHJIB MBIHIJie- 

hh2 cTaHOBHTca Bee Gojiee nonyjuipHBiM . BasaitiM ripeHMymecTBOM ^HCKpeTHoro onn- 
caHHH aBjiaeTCH ero KOHuerrryajifcHaa "3kohomhoctb" b OKKaMOBCKOM CMBicjie — OTcyT- 
cTBHe "jihhihhx cyrrrnocTeH" ocHOBaHHBix Ha H^eax aKTyajiBHofi GecKOHeHHocTH Tnna "^;e- 
^eKHH^OBBix ceHeHHfl", "nocjie^oBaTejiBHOCTeli Kohih" h t. n. Bojiee Toro, flucKpeTHaa 
MaTeMaTHKa coflepxaTejiBHO Gorane HenpepBiBHoii — HenpepBiBHOCTB "crjiaJKHBaeT" toh- 
KHe fleTajiH CTpoeHHH crpyKTyp. ynporneHHH onncaHHH, ^ocTHraeMBie BBe^eHHeM npo- 
h3bo^hbix b MaTeMaranecKHe CTpyKTypBi, MoryT oGxo^htbch ^ocTaTOHHo ^oporo. J\jisl 
HjijiiocTpaHHH 3Toro Te3Hca mojkho cpaBHHTB ciihckh npocTBix rpynn J1h H IipOCTBIX 
KOHeHHBix rpynn. Bjiaro^apa ^ncpcpepeHnnpyeMOCTH h, cjie^oBaTejiBHO, bo3mo>khocth 
BBe^eHna ajire6p Jin, KjiaccHcpHKanHH npocTBix rpynn Jin — cpaBHHTejiBHO Hecjio>K- 
Has 3aflana, KOTopan 6Bijia penieHa b Hanajie 20-ro Bexa. Pe3yjiBTaT KjiaccncpHKai^nn: 4 
6e CKOHe hhbix nocjie^oBaTejiBHOCTH h 5 HCKjnoHHTejiBHBix rpynn. KjiaccHcpHKairna: npo- 
ctbix KOHenHBix rpynn — HCKjnoHHTejiBHO TpynHaa npo6jieMa, penieHne KOTopoft, kbr 
CHHTaeTCH, 6bijio 3aBepnieHO k 2004 ro^y CnncoK npocTBix KOHenHBix rpynn coctoht 
H3 18 6ecKOHenHBix nocjie^oBaTejiBHocTefi (16 H3 kotopbix co^epjKaT Henocpe^cTBeHHBie 
aHajiorn Bcex npocTBix rpynn Jin) h 26 cnopa^nnecKnx rpynn. 

CTaTBH HannHaeTca c o6mero o6cyac^i;eHHH ^ncxpeTHBix ^HHaMnnecKHX chctcm. Han- 
6ojiee (pyH^aMeHTajiBHBiMH hohsithjimh aBjiaioTcsi ^ncKpeTHoe BpeMS h MHOJKecTBO co- 
ctohhhh, 3BOjnon;HOHHpyion];Hx bo BpeMeHH. IIpocTpaHCTBo paccMaTpnBaeTCH KaK ^o- 
nojiHHTejiBHaa: CTpyKTypa, no3BOjijnon];aH opraHH30BaTB mhojkcctbo coctohhhh b BH^e 

MHOJKeCTBa (pyHKI^HH Ha TOHKaX npOCTpaHCTBa CO 3HaneHH5IMH B HeKOTOpOM MHOJKe- 

CTBe, Ha3BiBaeMOM MHoacecTBOM jioKajiBHBix coctohhhh. Mbi o6cy>K^aeM cHMMeTpnn npo- 

CTpaHCTBa H JIOKajIBHBIX COCTOHHHH H TO, KaKHM 06pa30M 3TH CHMMeTpHH MoryT 6bitb 

o6T.e,n,HHeHBi b nojmyio rpynny CHMMeTpnii chctcmbi b n;ejioM 2 . 

BaacHon oco6eHHocTBio cncTeM c cHMMeTpnHMH HBjiHeTca HajiHHHe cTeneHefi cbo6o- 

2 Ecjih noflofiTii k npo6jieMe c npoTiiBonojiOKHOft ctopohh, to npocTpaHCTBO mojkho nocTpoHTb H3 
3a,n;aHHoro nojinoro MHOJKecTBa coctohhhh KaK mhoskcctbo KjiaccoB cmc^khocth no HeKOTopoft no,n- 
rpynne nojiHOfi rpynnti, a rpynny CHMMeTpnii npOCTpaHCTBa KaK 3(p<peKTHBH0 ,n;eHCTByiom,yio Ha stom 
MHO»cecTBe KjiaccoB nacTb nojiHoii rpynnbi. OflHaKO b flaHHOfl CTaTbe mbi He 6yn,eM pa3BHBaTb 3Ty TeMy. 
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JXM B HX OnHCaHHH, CBH3aHHMX C IipOH3BOJIOM B BBl6ope CHCTeM KOOpHHHaT. EcjIH 3TOT 

BBi6op "rjioGajibHbifi", T.e. ycTaHOBjieH pa3 h HaBcern,a fljia Bceii sbojiiohhh chctcmm hjih 
(npn HajiHHHH H6TpnBnajiBHoii npocTpaHCTBeHHoii CTpyKTypbi) h,jih pa3Htix nacTeii ch- 

CTeMBI, TO OH He MOJKeT CKa3aTBCH Ha o6teKTHBHO Ha6jHOflaeMbIX H,aHHMX. B03MOJKHOCTB 
"jIOKajIBHOro" BBl6opa CHCTeM KOOpHHHaT npHBOHHT K (pH3HHeCKH HaGjHO^aeMBIM Kajin6- 

Pobohhbim acpcpeKTaM. EcTecTBeHHoii MaTeMaTHHecKofl cxeMofl, nonxonHiHeft h,jih onnca- 

HH2 TaKHX 3(p(peKTOB, HBJIHeTCH TeopHH CBH3HOCTeft B paCCJIOeHHHX. IlOSTOMy B JXaHHOH 

CTaTte mbi Hcnojib3yeM hohxohhihhm o6pa30M MonHcpHHHpoBaHHbie h,jih nncKpeTHoro 
cjiynaa hohhthh paccjioeHHfi h cbh3hoct6h b sthx paccjioeHHax. flnsi HjunocTpannH mm 
noKa3biBaeM KaK, hcxo/jh H3 BBeneHHbix Ha.Mii KOHCTpyKirHii, mohcho nocrpoHTB kohth- 
HyajibHbie Bepcnn aGejieBbix (sjieKTpo/xHHaMHKa) h HeaGejieBbix (Teopnn HHra-Mnjuica) 

KajIHGpOBOHHMX TeopHH. 

C noMombio npocToli Mon,ejiH mm noKa3MBaeM, KaKHM o6pa30M b nncKpeTHoft flHHa- 
MHKe MoryT B03HHKaTb xapaKTepHbie npocTpaHCTBeHHO-BpeMemibie CTpyKTypbi, Taxne 
KaK, HanpHMep, npen,ejibHaH CKopocTb h CBeTOBbie KOHycbi. 

,U,ajiee mm o6cyjK^aeM ocoGemiocTH noBen,eHHH KjiaccHHecKHx n,eTepMHHHCTHHecKHx 
CHCTeM. Mm noKa3MBaeM, hto npn Hajinnnn chmmctphh b TaKHX CHCTeMax coBepnieHHO 
ecTecTBeHHMM o6pa30M B03HHKaioT coxpaHHioiHiie cpopMy flBHacynuieca (cojiHTOHono- 
np6Hbie) CTpyKTypbi. Mm TaK>Ke oGcyac^aeM nneio 't XoocpTa o tom, KaKHM o6pa30M 
MoaceT B03HHKaTb Ha6jHo^;aeMaH b npnpone oGpaTHMocTb cpyH^aMeHTajibHbix npon,ec- 
cob h noKa3MBaeM, hto b cjiynae HHCKpeTHbix neTepMHHHCTHHecKHX chctcm (anpnopn 
pe/XKaa) o6paTHMOCTb HeH36e>KHO B03HHKaeT b pe3yjibTaTe sbojiiohhh KaK scpcpeKTHBHO 
Ha6jiio^i;aeMoe HBjieHHe. 

Han6ojiee (pyHn,aMeHTajibHyio — (paKTHHecKH onpeflejiHionryio — pojib CHMMeTpnn 
nrpaiOT b cpeHOMeHax KBaHTOBoro noBen,eHHH. XapaKTepHoii HepToii KBaHTOBoro noBe- 
neHHH HBjiaeTCH ero yHHBepcajibHOCTb. Ero neMOHCTpnpyioT chctcmm coBepnieHHO pa3- 

JIHHHOH CpH3HHeCKOH npHpOHM H MaCHITa6oB : OT Cy6aTOMHMX 3JieMeHTapHMX HaCTHH, flO 
60JIbHIHX MOJieKyjI 3 . yHHBepcajibHOCTb HBJieHHH (T.e. He3aBHCHMOCTb OT (pH3HHeCKOTO 

cy6cTpaTa) yKa3MBaeT Ha to, hto onncbmaioiHaH ero TeopHH npjiHCHa ocHOBMBaTbcs Ha 
HeKOTopbix anpnopHMx MaTeMaTHHecKHx npHHirnnax. Mm noKa3MBaeM, hto b cjiynae 

KBaHTOBOH MexaHHKH TaKHM Be/XyiHHM MaTeMaTHHeCKHM npHHU,HnOM HBJIHeTCH CHMMeT- 

pHH. HaniH apryMeHTM ocHOBaHM Ha tom, hto KBaHTOBoe noBeneHne neMOHCTpnpyioT 
jihhib CHCTeMM, conepHcamne Hepa3JiHHHMbie HacTHirbi: jno6oe OTKjioHeHHe ot tohhoh 

H^eHTHHHOCTH HaCTHII pa3pyHiaeT KBaHTOBbie HHTep(pepeHI]^HH. Hepa3JIHHHMOCTb sjie- 

MeHTOB CHCTeMM o3HanaeT, hto ohh jie>KaT Ha o/ihoh h toh nee op6nTe rpynnbi chmmct- 

pHH 3TOH CHCTeMM. ,H,JIH CHCTeM C CHMMeTpHHMH o6b.eKTHBHMMH HBJIHIOTCH TOJIbKO He 

3aBHCHHj;He ot "nepeo6o3HaHeHHH" "ohhopohhmx" ajieMenroB, T.e. uHeapuanmHue, otho- 
nieHHH h yTBepjK^eHHH. HanpHMep, HHKaKoro o6b.eKTHBHoro cMbicjia Hejib3H npHnncaTb 
sjieKTpHHecKHM noTeHirnajiaM ip h ip hjih TOHKaM npocTpaHCTBa, o6o3HaHaeMMM bckto- 
paMH a h b. 06b.eKTHBHMH cmmcji HMeioT jiHHib HeKOTopbie hx KOM6HHan;HH, HanpHMep, 
KOM6HHan;HH, o6o3HaHaeMbie KaK i/j — tp hjih b — a (hjih b Gojiee oGmeii chmbojihkc Teopnn 
rpynn (f~ l ijj h a _1 b). 

B ocHOBe KBaHTOBoro cpopMajiH3Ma jiencaT yHHTapHbie onepaTopbi b rnjib6epTOBbix 

3 B nacTHOCTH, b pa6oTe [53] oniicaHM SKcnepiiMeHTti no Ha6jiK>fleHHio KBaHTOBtix HHTepcpepefmiiii 
MejKfly MOjiexyjiaMH cpyjijiepeHa Cqq, a HeflaBHO 6bijih ony6jiiiKOBaHbi [20] flaHHBie 06 iiHTepcpepenrpni 
fljia ropa3flo 6ojibineH MOjieKyjibi — npoH3BOflHoii (pTajiou;iiaHHHa c 6pyTTO-<popMyjiofl C '48^26^24^0^. 
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upocTpaHCTBax. 3th onepaTopbi npHHa^;jie>KaT o6rneH yHHTapHoft rpynne, hjih b 6ojiee 
cTporux TepMHHax, ynumapHOMy npedcmaeAenuH) rpynnbi aBTOMopcpH3MOB (npeo6pa30- 
BaHiiii, coxpaHHioirrHx apMHTOBo cKajiapHoe npoH3Be,n,eHHe) rHjib6epTOBa npocTpaHCTBa. 
^jia npn^aHHH kohctpykthbhocth KBaHTOBBiM KOHn;enrj;H5iM mbi mojkcm 3aMeHHTB 06- 
ruyio yHHTapHyio rpynny yHHTapHMMH npe^cTaBjieHHHMH KOHennux dpynn 6e3 bchkoto 
pucKa HCKa3HTB <fiu3UHecKoe co^epjKaHHe npo6jieMbi nocKojiBKy, KaK oTMenajiocb bm- 
rne, MeTacpHSHHecKoe pasjinnne MejK^y "kohchhum" h " 6ecK0HeHHUM" He MoaceT hmctb 
KaKHx-jin6o sMmipHnecKH Ha6jno,n;aeMMx nocjie,n;cTBHH. Bojiee Toro, hmciotch Ha^eac- 
Hbie 3KcnepHMeHTajibHbie ^aHHbie o tom, hto b ocHOBe HexoTopbix cpyH^aMeHTajibHbix 
nporjeccoB jieJKaT KOHenHbie 4 rpynnbi OTHOCHTejibHO HeBbicoKnx nopa^KOB. 

Hcnojib3y3 tot cpaKT, hto Aw6oe AuneuHoe npedcmaeAenue KOHenHofi rpynnbi sb- 
jiaeTca no^npe^cTaBjieHneM nepecTaHOBOHHoro, mm noKa3biBaeM, hto jno6aH KBaHTOBO- 
MexaHnnecKaa npoGjieMa mojkct GbiTb cBe^eHa k nepecmanoeKaM, a KBaHTOBbie HaGjno- 
^aeMbie MoryT 6biTb BbipajKeHM b TepMHHax nepecmanoeoHHUx uHeapuanmoe. Bojiee 
^eTajibHbifl aHajiH3 "nepecTaHOBOHHoro" no^xo^a noKa3biBaeT, hto KOMnjieKCHbie nncjia 

B KBaHTOBO-MexaHHneCKOM CpOpMajIH3Me flOJIJKHM 6bITb 3aMeHeHbI nHKJIOTOMHHeCKHMH. 
ECJIH npHHHTb 3Ty MO,2TH(pHKanHIO cpopMajiH3Ma, TO 

• KBaHTOBbie aMnjiHTyzrbi npnoGpeTaiOT npocToii h ecTecTBeHHbiH cmmcji: ohh hbjih- 
iotch npoeKn,HHMH b HHBapnaHTHbie no^npocTpaHCTBa BeKTopoB KpaTHocTeii ("hh- 
ceji 3anojiHeHHii") sjieMeHTOB MHoxcecTBa, Ha kotopom rpynna ^eftcTByeT nepecTa- 

HOBKaMH; 

• 6opHOBCKHe BepOHTHOCTH OKa3bIBaK)TCiI paii;HOHajIbHbIMH HHCJiaMH — B nOJIHOM 

cooTBeTCTBHH c ecTecTBeHHofi ^jih KOHeHHbix MHoacecTB "nacTOTHoft HHTepnpeTa- 
HHeii" BepoHTHOCTefi; 

• KBaHTOBbie HBJieHHH B03HHKaiOT KaK pe3yjIbTaT CpyH^aMeHTajIbHOH HeB03MO>KHO- 

cth npocjie,n,HTb H^eHTHHHocTb Hepa3JiHHHMbix o6b.eKTOB b nponecce sbojhohhh - 
^ocTynHa tojibko HHcpopManHH 06 HHBapnaHTHbix KOMGnHaniiax Taxnx o6b.eKTOB. 

HexoTopbie TeMbi, HecKOjibKO yKjioHHioiirHecji ot ocHOBHoro HanpaBjieHHH CTaTbH 

(cTpyKTypHbffl aHajIH3 ^HCKpeTHMX OTHOnieHHH, KJieTOHHbie aBTOMaTbl, JIOKajIbHbie KBaH- 
TOBbie Mo^ejin Ha rpacpax n ,zrp.), a TaKJKe HHcpopManHH TexHHnecKoro xapaKTepa bm- 
HeceHbi b npHjio>KeHHH. 

,H,ji5i oGecnenemra uejiocTHocTH H3Jio>KeHH5i h e^HHCTBa o6o3HaneHHH c caMoro Hanajia 
onnnieM Han6ojiee cpyH^aMeHTajibHbie noHHTHH, ncnojib3yeMbie b flaHHofi CTaTbe. 

HaTypajibHtie nncjia. Hcxo^,hoh 6a30Bon cncTeMoii nnceji y Hac HBjiHeTCH noAyKOAb- 
yo HamypaAbHux nuceA 

N = {0,1,2,...}. 

IIo^HepKHeM, hto mm BKjnonaeM Hyjib b MHoacecTBO HaTypajibHbix nnceji. HaTypajibHbie 
HHCJia HanGojiee ecTecTBeHHM b flHCKpeTHofi MaTeMaraKe, r^e ohh BbicTynaioT KaK cneT- 

HHKH SJieMeHTOB H KOM6HHaHHH 3JieMeHTOB ^HCKpeTHMX CHCTeM. OcTajIbHbie KOHCTpyK- 
THBHbie CHCTeMM HHCejI BMBO^HTCH H3 MHOJKeCTBa N HHCTO MaTeMaTHHeCKHMH Cpe^CTBa- 

mh. HanpnMep, KOAt>yo yeAux hucca Z = {. . . , — 1, 0, 1, . . .} mm paccMaTpHBaeM, KaK 

4 IIpHJIOJKeHHe E COflepJKHT KpaTKHH 0630p TOrO, KaK KOHeHHbie CIIMMCTpHH npOHBJIHIOTCH B (peHO- 
MeHOJIOrHH (pH3HKH apOMaTOB. 
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aAse6pauHecKoe pacmupenue nojiyKOJibija N c noMornbio npuMumuenoso Keadpamnoso 
Kopnsi U3 edunui^u 5 , nojie pannoHajibHbix nnceji Q, b cboio onepeflb, HHTepnpeTnpyeTcs, 
Kax nojie nacmbix Kojibn,a Z n t.r. 

PaccjioeHHa. J^Jin cncTeM c CHMMeTpnsiMH , b ocoGeHHoem npn nccjie,n,OBaHHH hx 
KBaHTOBoro noBe^eHHa:, Ba>KHyio pojiB nrpaeT noHHTne paccjioemrH. PaccAoenueM no 
onpe^ejiemiio 6 Ha3biBaeTca: CTpyKTypa BH^a 

(E,X,S,G,n), 

me 

E — MHOJKecTBo, Ha3biBaeMoe (momaAbHUM) npocmpaHcmeoM paccAoenusi; 
X — MHoacecTBo, Ha3biBaeMoe 6a30u paccAoeHua; 

S — MHOJKecTBo, Ha3BmaeMoe munuunuM (Mode/ibHUM) caocm paccAoenun; 

G — rpynna npeo6pa30BaHnn TnnnnHoro cjioh S, Ha3BiBaeMaa cmpyKmypnou spynnou 
paccAoenutt; 

7i — OTo6paaceHHe E — > X, Ha3biBaeMoe npocKyucu paccAoenuH. 

IipoeKirnji 7r : E — > X xapaKTepireyeTca cjie^ryioiirHM cbohctbom. Ecjih x — TonKa 
6a3t>i, T.e. x G X, to MHOJKecTBO S x = 7T~ l (x), Ha3biBaeMoe caocm Had mouKou x, 
H30MopcpHo TuriHHHOMy cjioio S. H30MopcpH3M 3^;ecb o3HanaeT, nro cymecTByeT sjieMeHT 
CTpyKTypHofi rpynnbi g x G G, TaKofi, hto S^g" 1 = S. 

Pojib CTpyKTypHofi rpynnbi b <pH3HKe 3aKjnonaeTca b tom, hto OHa ^aeT bo3mo>k- 
HocTb c noMombio Kajin6poBonHbix cBH3HocTen "cpaBHHBaTb" ^aHHbie, orHocHinneca: k 
pa3JinnHbiM MOMeHTaM BpeMeHH n pa3HbiM TonxaM npocTpaHCTBa. 

CeuenueM paccAoenuH (E, X, S, G, tt) Ha3biBaeTca: oTo6pa>KeHHe a : X — > E Taxoe, 
hto 7r o a = idx- CnMBOJinnecKH MHOJKecTBO Bcex ceneHnn mojkho npe^CTaBHTb KaK 
[ S x . TaKHM o6pa30M, fljia KOHenHbix X w S nojmoe nncjio Bcex bo3mojkhbix ceneHnii 

paBHo . 

PaccjioeHne Ha3biBaeTCH znaenuM, ecjin TnnnnHbiM cjioeM HBjiaeTCH caMa cTpyKTyp- 
Haa rpynna. CnMBOjinnecKH rjiaBHoe paccjioeHne mojkho 3anncaTb b BH^e 

(P,X,G,p), 

rj^e P — TOTajibHoe npocTpaHCTBo, a p — ripoeKirnH. IIo^pasyMeBaeTca, nro cTpyKTypHaa: 
rpynna G ^eiicTByeT Ha cjioe G npaBbiMH (hjih jieBbiMn) c^BnraMH. 

5 TaKoe onpe/i,ejieHHe, KaK 6yn;eT bh/hto h3 flajitHeftinero, MOTHBupoBaHO KBaHTOBOH MexaHiiKoil. flpy- 
roii pacnpocTpaHeHHbiii cnoco6 bbg^chhh n,ejii>ix nnceji — sto HHTepnpeTaHHH hx b BH^e KjiaccoB skbh- 
BajieHTHOCTH nap HaTypajibHbix Hnceji c OTHOineHHeM SKBHBajieHTHOCTH ~: (n, m)~ (n',m') 03HaHaeT, 
hto n + m' = n' + m, r^e n,m,n',m' £ N. 

6 B jiHTepaType TeopHH paccjioeHiiii o6bihho H3jiaraeTCH KaK cocTaBHaa nacTb flH(p(pepeHLi,iiajii>HOii 
reoMeTpiiH [23, 64]. 0,n,HaKO cymecTBeHHbie fljia Hac ajieMeHTbi stoh TeopnH He TpeGyiOT hohhthh flnep- 
(pepeHn;HpyeMOCTH h 6e3 Tpy/i,a nepeHOCHTCH Ha flHCKpeTHbiii h KOHenHbiii cjiynaii. 

7 IIoHHTHe cbh3hocth, cymecTBeHHO 3aBHCHHj,ee ot CTpyKTypti 6a3bi paccjioeHHH, Mbl paCCMOTpHM 
nocjie 6ojiee KOHKpeTHoro o6cyjK,i];eHHa flHCKpeTHbix Bepcnfi 6a3bi. 



8 



2 KjiaccHnecKaa h KBaHTOBaa ^HHaMHKa 



2.1 OcHOBHbie noHSTHa h CTpyKTypu 

Han6ojiee <pyH,n,aMeHTajibHbiM hohhthcm flimaMHKH hbjihctch epeMH. B flucicpeTHofi: Bep- 
chh BpeMs T 3to nocjieflOBaTejiBHocTb uejibix hhccji, HyMepyioiHHx nocjie^oBaTejibHocTb 
co6bithh, HanpHMep, 

T = Z hjih T= [0,1,...,T], (1) 

rjj;e T — HeKOTopoe HaTypajibHoe hhcjio. 

Mm npe/xnojiaraeM, hto cocmoRHUR jjHHaMHHecKoii cHCTeMbi o6pa3yioT KOHenHoe 

MHOJKeCTBO 

Q = {ui,...,Ufi} (2) 

HexoTopbix sjieMeHTOB. Mm npe^nojiaraeM Hajinnne HeTpnBHajibHoii spynnu cuMMem- 
puil 

G = {gi,...,g M }<Sym(n), (3) 

^eiicTByioineH Ha MHoacecTBe coctohhhh Q. Be3 noTepn o6uxhocth mojkho npe/xnojia- 
raTb, hto rpynna G ^eficTByeT Ha Q mowno (b npoTHBHOM cjiynae G mojkho 3aMeHHTb 
(paKTop-rpynnofi no a/xpy ^eiicTBHH) h mpaH3umu6H0 (b npoTHBHOM cjiynae mojkho pac- 

CMaTpHBaTb OpGHTbl ^eflCTBHH no OT^ejIbHOCTH 8 ). 

deoAtoi^uR hjih mpaenmopufi jjHHaMHnecKOH CHCTeMbi sto nocjiejj;oBaTejibHocTb co- 

CTOHHHH, HH^eKCHpOBaHHblX BpeMeHeM 

h = > w t -i -> w t ->■ w t +i r^e e (1. (4) 

3^eCb Mbl CTajIKHBaeMCH C npo6jieMOH OTOJKfleCTBJieHHH "Hepa3JIHHHMbIx" o6b)6KTOB 

- 6ojiee cpopiviajibHO, sjieMeHTOB MHOJKecTBa (2) jieJKaiinrx Ha o/xhoh op6nTe rpynnbi 

CHMM6TpHH (3) — B pa3JIHHHbie MOMeHTbl BpeMeHH 9 . ,HejIO B TOM, HTO flJIH perHCTpaUHH 
H OTOJK^eCTBJieHHH HH^HBH^yajIbHO Hepa3JIHHHMbIX o6b>6KTOB HCnOJIb3yK>TC5I HeKOTOpbie 

HH^HBH^yajibHo pa3JiHHHMbie MeTKH (chmbojibi, HHCJia). Hcho, hto He cymecTByeT a6co- 

JHOTHOrO CnOCo6a COnOCTaBHTb TaKHM pa3JIHHHMbIM MeTKaM Hepa3JIHHHMbie SJieMeHTM. 
OHKCHpOBaTb TaKHe SJieMeHTbl MOJKHO TOJIbKO OTHOCHTejIbHO HeKOTOpOH flOnOJIHHTejIb- 

hoh CHCTeMbi [61], npoHBjiaioiHeHCH b pa3Hbix KOHTexcTax Kax "cucmeMa Koopdunam" 
hjih u HQ,6Afod(iTneA'b" hjih "u3MepumeJibHuu npu6op". 

PaccMOTpHM Gojiee no/xpoGHo hohhthh chctcmm KoopflimaT h 3aMeHbi Koop/iHHaT b 
KOHeHHOM cjrynae. fljis. Hanajia (pHKcnpyeM KaKofi- HH6yjxb (npoH3BOjibHbiH) nopadoK Ha 
H3HaHajibHo HeynopH^oneHHOM MHOJKecTBe Q, T.e. 6yn,eM npe^nojiaraTb, hto Q sto bck- 
Top (b ^,aHHOM KOHTeKCTe cjiobo "BeKTop" o3HanaeT npocTo ynopH^oneHHoe mhojkcctbo, 
Hcnojib3yeTCH TaK>Ke TepMHH "koptcjk") BH^a 

tt = (u) U . . . ,w N ) . 

8 B HCKOToptix cjiyiaax, Kax HanpHMep, npn onucaHHH oScyscflaeMbix HKsce "cojihtohob" b flHCKpeT- 

HBIX CHCTGMaX npHXOflHTCH paCCMaTpHBaTb COBOKynHOCTH Op6HT, T.e. HeTpaH3HTHBHbie fleflCTBHH. 

9 B npHjio»ceHHH "Ars Combinatoria" k KHiire [66] T. Beiijib (aBTop Hflen KajiH6poBO ii iHOH iiHBapn- 
aHTHOCTH b (pH3HKe) no,n,po6HO oGcyscflaeT npo6jieMbi HH/niBHflyajiHsaHHH Hepa3jiHHHMbix 061)6x108 h 
hx OTOJK,n,ecTBjieHHs b nponecce 3bojhohhh bo BpeMeHH. 
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Mm GyfleM Ha3BreaTB f2 kclhohuhcckum MHoatcecmeoM cocmoHHUu. ^eftcTBHe rpynnBi 
cHMMeTpnfi G Ha MHoacecTBe Q HMeeT bha 10 

fig = (u} ± g, . . .,u k g, . . .,u N g) = (u il7 . . .,u ih , . . . ,w iN ) . 

HaM yn,o6Ho b KanecTBe MeTOK sjieMeHTOB ujk G Q HcnojiB30BaTB HaTypajitHBie HHCJia 
k. BBe^eM cpyHKHHio site(v,V), KOTopan no 3a^aHHOMy ajieMeHTy v, oflra h tojibko 
o^hh pa3 BxoflHin;eMy b ynopHfloneHHoe mhojkcctbo V, BBiflaeT ero no3HHHio b stom 
MHoacecTBe, HanpHMep, site(ouf.,n) = k h site(ui k ,Qg) = k. 

ITo3hhhio sjieMeHTa b ynopafloneHHOM MHoxcecTBe mbi 6yn,eM Ha3BiBaTB Koopdunamou. 

IIpiIMeHHB (pyHKUHK) Site K SJieMeHTaM MHOJKeCTBa Q MBI nOJiyHHM BeKTOp 

R=(1,2,...,N), (5) 
KOTopBifi 6yn;eM Ha3BiBaTB KanoHUHecKou cucmeMou Koopdunam. To ecTB, mbi noMeTHjm 

HeKOTOpBIM (pHKCHpOBaHHBIM o6pa30M COCTOHHHH H3 MHOJKeCTBa Q HaTypajIBHBIMH HHC- 

jiaMH. 3to no3BojiHT HaM KOHTpojinpoBaTB HH^HBH^yajiBHocTB coctohhhh b npon,ecce 
9bojhoh;hh ^HHaMHHecKott CHCTeMBi. /I,eHCTBHe sjieMeHTa rpynnBi g G G Ha coctohhhh b 
TepMHHaX KOOp^HHaT MOJKHO 3anHcaTB B BH^;e nepecTaHOBKH 

/ 1 N \ 

\lg---kg---Ng) ■ 

3to "KOHmpaeapuaHniHoe" fleftcTBne nepeBO^HT o,n,HO cocTOHHHe b flpyroe: to^g — > 0Jj- 
CooTBeTCTByioHi;ee "KoeapuanmHoe" npeo6pa30BaHHe CHCTeMBi KoopflimaT HMeeT bh^ 

S = Rg- 1 = (lg-\2g-\...,*ig- 1 ). (6) 

3TO 03HaHaeT, HTO eCJIH HeKOTOpBIH SJieMeHT X MHOJKeCTBa COCTOHHHH B KaHOHHHeCKOH 

CHCTeMe Koop^HHaT R HMeeT Koop^HHaTy xr = site(x, R), to ero Koop^HHaTofi b cncTe- 
Me S 6yn;eT x$ = site(x,S). OnepairnoHajiBHo nojiyneHHe Koop^HHaTBi o3HanaeT, hto 

MBI HMeeM B03MOJKHOCTB paCn03HaTB X CpeflH 3JieMeHTOB S H nO^CHHTaTB hhcjio niaroB, 

upofi^eHHBix ^o 3Toro ajieMeHTa. 3Ta npoueflypa aHajiornnHa ll KoopduHamu3a , u ) uu" [61] 
ToneK BeKTopHoro npocTpaHCTBa. HanpHMep, KoopflHHaTa tohkh BernecTBeHHoii npaMoii 
(o^HOMepHoro npocTpaHCTBa R) — 3TO "paCCTOHHHe", KOTopoe HeoGxo^HMo npoflTH OT Ha- 
najia Koop^HHaT j\o flaHHoii tohkh. Hanajio Koop^HHaT h "MacniTa6 niaroB paccTOHHHn" 

(MeTpHKa) 3aBHCHT OT BBl6opa CHCTeMBi KOOp^HHaT. 

5IcHO, HTO B COOTBeTCTBHH C (6) H3 KaHOHHieCKOH CHCTeMBi KOOpflHHaT (5) MOJKHO nO- 
CTpOHTB BCe OCTajIBHBie H HTO nepeXOflBI Me»ffly npOH3BOJIBHBIMH CHCTeMaMH KOOpflHHaT 

onncBiBaioTH (popMyjioil 5" = Sh" 1 , h G G. 

BepHeMCH k 3BOJHOHHH (4). Mbi He 3HaeM a priori ot Kaxoro hmchho H3 o6t.6ktob 

a G £1 HJIH b G Q B MOMeHT BpeMeHH t — 1, "npOH30Hiejl" HeKOTOpBIH o6T.eKT C B MOMeHT 

BpeMeHH t, ecjiH a h b jieacaT Ha oflHoii rpynnoBofl opGnTe, T.e. b = ag fljin HeKOToporo 
g G G. Taxoe OTOJKflecTBjieHHe ocyrflecTBjiaeTCH BBefleHHeM flonojiHHTejiBHofl CTpyKTy- 
pBi, Ha3BiBaeMoii KaAuBpoeouHou C6H3H0cmbK) hjih napaA/ieJibHUM nepenocoM. 

10 B CTaTte Mbi 6ypfiM b ochobhom 3anHCbiBaTb fleiicTBHe rpynnbi cnpaBa. 3to corjiameHiie 6ojiee 
ecTecTBeHHO h hhtyiitiibho. Oho ninpoKO Hcnojib3yeTca b MaTeMaTHKe h, b nacTHOCTH, b ochobhbix 
cucTGMax KOMnBiOTepHOii ajire6pbi, opiieHTHpoBaHHbix Ha safla^H Teopnn rpynn, GAP h Magma . 
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PaccMOTpiiM paccjioeHHe 6a3oii KOToporo HBjiHeTCH BpeMH (1), TiiniiHHbiM cjioeM - 
KaHOHHHecKoe MHoacecTBO coctohhhh (2), a CTpyKTypHoii rpynnoit — rpynna (3) 

(W,T,fi,G,r). (7) 
3^,ecb Wit — TOTajibHoe npocTpaHCTBo h npoeKHHH, cooTBeTCTBeHHo. Cbh3hoctb onpe- 

^ejIHeT H30MOp(pH3M MeJK^y CJIOHMH 3TOrO paCCJIOeHHH Hafl pa3JIHHHBIMH MOMeHTaMH 

BpeMeHH: 

BaJKHBIM HDHHHHnOM B (pH3HKe HBJIHeTCH KaAu6p060HHCLR UHeapuaHmHOCmh, T.e. B03- 
MOJKHOCTB 3a^aBaTB CHCTeMbI KOOp^HHaT B CJIOHX paCCJIOeHHH H&R p a3JIHHHbIMH TOH- 

KaMH 6a3Bi H63aBiiciiMo Hpyr ot APyra- B ^aHHOM cnynae stot npHHnnn npnBo^HT k 
cjie^;yioiri;eMy npaeuAy npeo6pa3oeanuH 3ah c6H3Hocmeu 

x{ti,t2)^g(t 1 )- 1 x{ti,t 2 )g{t 2 ), g (h) ,g (t 2 ) e G. (8) 

3flecB (7 (ti) h (7 (t 2 ) — npou360JibHue 3jieMeHTbi rpynnbi G, T.e. 3HaneHHH npoH3BOjibHoro 
ceneHHH rjiaBHoro G-paccjioeHHH Hafl T. OneBH^HO, hto cbh3hoctb Meac^y npoH3BOJib- 

HblMH MOMeHTaMH BpeMeHH MCOKHO 3anHCaTb KaK npOH3Be^eHHe CBH3HOCTeH, COOTBeT- 

CTByromnx 3jieMeHTapHbiM niaraM no BpeMeHH 

X (h, t 2 ) = x (h, h + 1) • • • x (t,t + 1) • • • x (* 2 - 1, h) ■ 

TaKHM o6pa30M, b flaHHOM cjiynae cbh3hoctb mojkho onpe,n,e.nHTb c noMombio cpyHKHHH 
Ha napax nocjie^oBaTejibHbix momchtob BpeMeHH, T.e. cpyHKHHH Ha pe6pax jiHHeiiHoro 
rpacpa, BepniHHaMH KOToporo hbjihiotch momchtbi BpeMeHH. 

TpaeKTopHH (4) ^HHaMnnecKOH chctcmbi npe^cTaBjiHioT co6oh ceneHHH paccjioeHHH 
(7). CHMBOjiHHecKH npHHa^JieacHOCTB TpaeKTopHH h k MHOJKecTBy ceneHHH MOJKHO 3a- 
nncaTb cjie^yiomHM o6pa30M 

he]Jn t . (9) 

teT 

B ocHOBe KjiaccHHecKoro no^xo^a jie>KHT H3yneHHe HH^HBH^yajiBHtix TpaeKTopHH b 
npe^;nojio>KeHHH cpHKcnpoBaHHoro fljia Bcex momchtob BpeMeHH npaBHjia OTOJK^ecTBjie- 

HHH COCTOHHHH Wj. IIoSTOMy paCCJIOeHHe (7) MOJKHO 3aMeHHTB npHMBIM npoH3Be^eHHeM 
T X Q H HHTepnpeTHpOBaTB TpaeKTOpHK) KaK CpyHKHHK) OT BpeMeHH CO 3HaHeHHHMH B 
MHOJKeCTBe COCTOHHHH Q 

h e tt T . 

<J>H3HHecKH cymecTBeHHBiM yneT jioKajibHofi KajinGpoBOHHon HHBapnaHTHocTH cTa- 

HOBHTCH B CHTyaHHHX, KOr^a paCCMaTpHBaiOTCH COBOKynHOCTH pa3JIHHHBIX HH^HBH^y- 

ajibHbix TpaeKTopHH, coe^HHHioiirHx tohkh paccjioeHHH. Oco6eHHo othctjikbo sto npo- 
HBjiHeTCH b (pefiHMaHOBCKOH cpopMyjinpoBKe KBaHTOBofl MexaHHKH nepe3 HHTerpajibi no 

TpaeKTOpHHM. 

2.2 /],HHaMHHeCKHe CHCTeMbI C npOCTpaHCTBOM 

B cpH3HKe MHOJKecTBo coctohhhh Q o6bihho HMeeT cneHHajibHyro CTpyKTypy MHoxcecTBa 

(pyHKITHH 

n = s x , (io) 
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lyre MHoacecTBO apryMeHTOB 

X = {x 1 ,...,x n } (11) 
Ha3MBaeTCH npocmpaHcmeoM, a mho>k6ctbo 3HaneHHH 

£ = {a 1; ...,a| E |} (12) 

— MHOJKeCTBOM JlOKCMlbHUX COCmOHHUU. 

BaJKHBIM CBOHCTBOM ^HHaMHHeCKHX CHCTeM C IipOCTpaHCTBOM SBJIHeTCS B03MOJK- 

hoctb BBe^eHHa HeTpHBHajibHBix Ka,Au6po60HHUx cemnocmeu Me^K^y TOHKaMH npo- 
CTpaHCTBa. Kajin6poBonHbie CTpyKTypbi npHBO^aT k Ha6jno^;aeMBiM cpnsnnecKHM no- 

CJie^CTBHJIM: KpHBH3HbI HeTpHBHajIBHBIX CB23HOCTeH OnHCblBaiOT CHJIbI B (pH3HneCKHX 

Teopnax. /Ipyroft TeMofi, b KOTopon BaacHa npocTpaHCTBeHHaa erpyKTypa, SBjiaeTca 

CBH3B MeJK^y CIIHHOM H CTaTHCTHKOH. 

Mbi 6yn;eM npe^nojiaraTB, hto KaK npocTpaHCTBo (11) Tax n jioKajiBHbie coctohhhji 
(12) oGjia^aiOT HeTpnBnajibHbiMH rpynnaMH CHMMeTpnii: 

F = {fi, . . . , f|p| j < Sym (X) - cuMMempuu npocmpaHcmea, (13) 
T = |7 1; . . . , 7| r | } < Sym (£) — enympeHHue cuMMempuu. 

}\ji7L HHTepnpeTannn rpynnbi BHyTpeHHnx CHMMeTpnii V KaK jioKajibHoft KajinGpoBon- 
hoh rpynnti BBe,ri;eM paccjioeHHe c TOTajiBHBiM npocTpaHCTBOM E, 6a3on X, thiiiihhbim 
cjioeM £ n npoeKnneii 7r: 

(E,X,£,i». (14) 

Tenept MHoxecTBo cocto3hhh bmccto (10) HMeeT bh^ MHo»cecTBa cenennH paccjioemrH 
(14) 

HeTpiiBnajiBHOCTB rpynnti (13) CHMMeTpnft npocTpaHCTBa npe^nojiaraeT Hajinnne 
HeKOTopoii CTpyKTypbi y MHCOKecTBa (11). (pH3HKH cym;ecTBeHHbi TonojiornnecKne 
noHHTHH, no3BOji5iioni;He Kjiaccncpni^npoBaTb tohkh no CTeneHH nx "6jih30Cth" flpyr k 

flpyry. 

B no^xo^e, Ha3biBaeMOM meopemuKO-MHOwcecmeeHHafi monojioeusi, noHSTue "6jih3o- 
cth" ToneK (popMajin3yeTca c noMoiiibio ceMeficTBa omnpumux nodMHoatcecme, yn;oBjie- 
TBopjnomero onpe^ejieHHbiM aKcnoMaM. 3th aKcnoMbi aBjiaioTca aGcTpaKi^nen oGbinHbix 
cbohctb KOHTHHyyMa h Majio npnro^Hbi ^jia ^ncKpeTHbix npocTpaHCTB (xots cpopMajib- 

HO H npHMeHHMbl K HHm). 

Han6ojiee a^eKBaTHoii b ^ncKpeTHOM cjiynae TonojiornnecKoft cTpyKTypon HBjiaeT- 
ch a6cmpaKmHuu cuMruiui^uaAbHuu KOMn/ienc [63], kotophh 3a,n;aeTCJi HeKOTopbiM Ha- 

6opOM K nO^MHOJKeCTB MHOJKeCTBa X. B ^aHHOM KOHTeKCTe SJieMeHTbl MHOJKeCTBa X 

Ha3biBaioTC5i moHKaMU hjih eepmuHdMu. 3jieMeHTbi MHoacecTBa K, Ha3biBaeMbie cum- 
nAencaMu 11 , o6jia^aioT TeM cbohctbom, hto jno6bie nx noflMHoxcecTBa TaKxce hbjihiotch 
CHMnjieKcaMH, T.e. bxo^3t b mhcokcctbo K. KpoMe Toro, CHMnjieKcaMH sbjijiiotch Bee cfl- 
HosjieMeHTHbie no^MHOJKecTBa MHoacecTBa BepninH X. IIo^cHMnjieKCbi cnMnjieKcoB nacTo 

11 HHTyHTHBHaH HfleH "6JIH30CTH" TOHeK COOTBeTCTByeT TOMy, HTO TOHKH 113 OflHOrO CHMnjieKca "6jIHJKe 

flpyr k flpyry", hgm tohkh h3 pa3Hbix ciiMiureKCOB . 
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Ha3t.iBaioT zpanHMU. OneBH^HO, hto CTpyKTypa KOMnjieKca K o^rnosHanHO onpe,n,eji5ieTCH 
MaKCUMCUVbHUMU no 6KAWH6HUK) CHMnjieKcaMH. Pa3MepH0crm> CHMnjiexca 5 G K onpe- 
flejiaeTca (popMyjiofi dim 5 = \8\—l. 3to onpe^ejieHHe MOTHBnpoBaHo TeM cpaKTOM, hto 
k + 1 toh6k, norpy>KeHHBix b o6meM nojio>KeHHH b 3bkjih,h;obo npocTpaHCTBO R n , 06- 
pa3yioT BepniHHBi npocTeflinero (jiaT. simplex = npocmoti) BbinyKjioro /c-MepHoro mho- 
rorpaHHHKa, ecjm n > k. Pa3MepHocrm> KOMn/ieKca K onpe,n;eji5ieTC5i xax MaKCHMajib- 
Haa pa3MepHOCTB ero CHMn jieKCOB : dimi^ = max dim 5. OflHOMepHbift CHMnjiHiniajibHbin 

KOMnjiexc Ha3BiBaeTC3 spacfioM, a cocTaBjiaioinHe ero jjByxsjieMeHTHbie no/XMHOJKecTBa 
(o^HOMepHBie cHMnjieKCBi) Ha3biBaioTC5i pe6paMu. C tohkh 3peHHH a6cTpaKTHoii kom6h- 
HaTOpHOH TOnOJIOrHH B03MOJKHOCTB iiorpy^KeHna: B sbkjih^obbi npocTpaHCTBa He HMeeT 
oco6oro 3HaneHH5i. CymecTBeHHo tojibko, KaKHM o6pa30M CHMnjieKCBi, cocTaBjiHioirrHe 
KOMiijieKC, CBH3aHBi (nepeceicaiOTca:) Mempy co6oii. O^HaKO 3aMeTHM, hto b Tonojiorn- 
necKon TeopHH pa3MepHocTH HMeeTca meopeMa He6eAUHea-IToHmpHeuHa H3 KOTopofl 
cjie/jyeT, hto jiioGoh /c-MepHbift CHMnjiHnnajibHbin KOMnjiexc mojkct 6bitb norpyxceH b 
npocTpaHCTBO R 2fc+1 . B nacTHOCTH, jnoGofi rpacp mojkho norpy3HTb b TpexMepHoe npo- 

CTpaHCTBO R 3 . 

Ecjih Hac He HHTepecyioT, HecymecTBeHHbie c jxHCKpeTHoii tohkh 3peHHa, Bonpocbi 
reoMeTpHHecKofi peajiH3anHH KOMnjieKcoB b sbkjih^obbix npocTpaHCTBax, to jnoGtie 3a- 
^ann c ^aHHBiMH Ha npoH3BOJiBHBix KOMnjiexcax, mojkho cBecTH k 3a^,anaM Ha rpacpax 
BocnojiB30BaBHiHCb noHSTHeM ocmoea cuMUAuyuaAbHoeo KOMnAenca. Ho onpe^ejieHHio 
q-MepnuM ocmoeoM (q-ocmoeoM, q-cneAemoM) cnMnjiHiniajiBHoro KOMnjiexca K Ha3Bma- 
eTcs cHMnjiHHHajiBHBiH KOMnjiexc, coctohuihh H3 Bcex p-MepHBix CHMnjieKCOB KOMnjiexca 
K, rpe p < q. TaKHM o6pa30M, bmccto npoH3BOJiBHoro KOMnjiexca K mbi MoxceM pac- 
CMaTpHBaTB ero 1-octob, T.e. rpacp. Kaac^oMy cHMnjieKcy KOMnjiexca K cooTBeTCTByeT 
HeKOTopbilt nojiHbiH no/xrpacp SToro 1-ocTOBa. HanoMHHM, hto rpacp Ha3BiBaeTCH uoa- 
hum, ecjiH Bee napti ero BepniHH hbjihiotch pe6paMH. TpacpBi (Mbi 6yn;eM Ha3BiBaTb hx 
TaK>Ke peuiemKdMu) jj;ocTaTOHHbi pjis Bcex, paccMaTpHBaeMbix b ^aHHofl cTaTbe saj^an. 

B HaCTHOCTH, OHH J^OCTaTOHHbl pjlS BBejJ^eHHH KajinGpOBOHHBIX H KBaHTOBblX CTpyKTyp. 

Hto6bi He neperpyacaTb tckct, mm coxpaHHM pjis o6o3HaneHHJi npocTpaHCTBa chmboji 
X, no^pa3yMeBa2 npn stom, hto iiomhmo BepniHH {xi, . . . ,x n } 3a^aHbi TaKJKe h pe6pa, 
T.e. HeKOTopbiii Ha6op 2-3jieMeHTHbix no/XMHOJKecTB BH^a eij = {xj,Xj}. rpynnoii chm- 
MeTpHii (13) npocTpaHCTBa X b ^aHHOM cjiynae 6yn,eT rpynna aBTOMopcpH3MOB rpacpa, 
T.e. F = Aut (X). B npHHHHiie rpynna aBTOMopcpH3MOB rpacpa c n BepmnHaMH mojkct 
HMeTb ^o 11! 3 jieMeHTOB . O^HaKo cymecTByeT BecbMa acpcpeKTHBHbiH ajiropnTM, pa3pa- 
6oTaHHbiH h peajiH30BaHHbiH B. MaxKeeM [48]. 3tot ajiropnTM ctpoht KOMnaKTHoe 
MHOJKecTBO 3 JieMeHTOB , nopo>K^;aiorrj;HX rpynny F. Hhcjio nopo>K^aiorrj;HX sjicmchtob b 
peajibHbix saj^anax oGbinHo paBHo 2-m hjih 3-m h He mojkct npeBocxo/XHTb n — 1 no 
nocTpoeHHio ajiropnTMa. 

PaccMOTpHM npHMepbi pemeTOK j^ocTaTOHHO bbicokoh CHMMeTpnn, cooTBeTCTByroinnx 
peajiBHbiM <pH3HnecKHM o6teKTaM [32]. Ha Pnc. 1 H3o6pa>KeHbi Tax Ha3BiBaeMtie riAa- 
monoeu yzAeeodopodu: mempaadpan, Ky6an h dodenaadpan, a TaK>Ke (fiyAAepen h dpacfien, 
— nepcneKTHBHbie b oGjiacTH HaHOTexHOJiornii yrjiepo^Hbie CTpyKTypbi. 

SaMeTHM, hto Ky6an n dodenaadpan 6bijin HCKyccTBeHHO CHHTe3HpoBaHbi. Ohh pp- 
CTaTOHHO ycToiinHBbi xoth h He BCTpenaioTCH b npHpo^e. TeTpas^paH HeycToiiHHB, ho 
mojkho CHHTe3HpoBaTb ero ycTOHHHBbie aHajiorn, npHcoeji^HHHB k TeTpas^pajibHOMy yr- 
jiepoflHOMy Kapxacy bmccto aTOMOB Bo^opo^a TpeT-6yTHjioBbie (CHs) 3 C hjih TpnMe- 
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TeTpa3/i,paH C4H4 Ky6aH CgH$ /Jofleicas/ipaH C20H20 

F = S 4 F = S 4 x Z 2 F = A 5 x Z 2 

Floe = S3 = D6 Floe = D6 Floe = E>6 




Phc. 1: IIpHMepB.1 yrjie(BOflo)poflHt>ix HaHOCTpyKTyp. F - - rpyrma chmmctphh rpa- 
cpa CTpyKTypt>i . Fi oc — rpynna chmmctphh oKpecTHocTH BepniHHbi rpacpa. Chmbojim 
Zfe, D2&;, Afc o6o3HaHaioT HHKjiHnecKHe , ^Hs^pajibHbie h ajibrepHnpyioiirHe rpynnbi, coot- 

BeTCTBeHHO. 

THjicHjiHjioBbie (CH 3 ) 3 Si paflHKajiM. Ha pHcymce TaK>Ke npnBe^eHbi nojiHbie rpynnbi 
CHMMeTpnfl rpacpoB cooTBeTCTByiomHX oGr-eKTOB F h hx noflrpynnbi, cpHKCHpyioiirHe ot- 
^ejiBHbie BepniHHbi Fi oc . PeineTKH, npHBefleHHbie Ha Phc. 1, BBH,zry hx HeBbicoKoii cjiojk- 

HOCTH HHTepeCHbl C MeTO^HHeCKOH TOHKH 3peHHH flJIH nocTpoeHHH npocTbix MCflCJieH 

^HCKpeTHbix ^HHaMHHecKHX CHCTeM. IIpH 3TOM cooTBeTCTByioiirHH rpacp HHTepnpeTHpy- 
eTCH KaK ,a,HCKpeTHoe npocTpaHCTBo X, rpynna chmmctphh rpacpa F — KaK nojraaH rpyn- 
na CHMM6TpHH npocTpaHCTBa, a no^rpynna Fi oc — KaK rpynna AOKaJibHUX cuMMempuu 
npocmpaHcmea. 3t& rpynna, onncbmaioinaH cHMMeTpnH OKpecTHocTH BepniHHbi rpacpa, 
npe^cTaBjiaeT coGoii aHajior HHcpHHHTe3HMajibHbix chmmctphh b cpH3HnecKHx Mo,n;eji5ix, 

OCHOBaHHblX Ha ^HCpCpepeHHHajIbHblX ypaBHeHHHX. ECJIH 3aKOHbI flHHaMHKH ^HCKpeTHblX 

Mo^ejiefi onpe^ejiaeTCH jioKajibHbiMH cooTHonieHHHMH, T.e. cooTHonieHHHMH, 3a,n;aHHbiMH 
Ha OKpecraocTHX rpacpoB (KaK, HanpHMep, b KjieTOHHbix aBTOMaTax hjih onHcaHHbix b 
IIpHjiojKeHHH C KBaHTOBbix Mo^ejiHX Ha peryjiapHbix rpacpax) , to ecTecTBeHHbiM Tpe6o- 
BaHneM ,ri;oji>KHa 6biTb chmmctphh 3thx cooTHonieHHH oTHocHTejibHo rpynnbi Fioc- 

SaMeTHM, hto rpacpbi cTpyKTyp Ha Phc. 1 hbjihiotch S-pesy/inpuuMU (3-eaAeHm- 
humu). PeryjiapHOCTb rpacpa aHajiornnHa b HeKOTopbix acneKTax H30TponHOCTH h 0^3,- 
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Hopo^HocTH HenpeptJBHoro npocTpaHCTBa. Paccyxc^aH cneKyjiHTHBHo, mojkho 6mjio 6m 
npe^;nojio>KHTb, hto npocTpaHCTBo Ha njiaHKOBCKnx MacniTaGax mojkct 6biTb cMo/^ejinpo- 
BaHo KaKHM-HH6y^B fc-peryjiapHHM rpacpoM. O/XHaKo MaKpocKonniecKn Ha6jiK)flaeMaa 
peryjiapHocTb h H30TponHocTb cpH3HnecKoro npocTpaHCTBa mojkct 6biTb pe3yjibTaTOM 
ycpe/xHeHHH no 6ojibniHM aHcaM6jiHM rpacpoB caMbix pa3JiHHHbix cTpyKTyp. TeM He Me- 
Hee, npe/xnojioaceHHe o peryjinpHOCTH cymecTBeHHO ynpomaeT flucicpeTHbie cpH3HnecKHe 

MO^ejIH. 

Bocnojib30BaBHiHCb TeM, hto npocTpaHCTBo X HMeeT cTpyKTypy rpacpa, mm mojkcm 

BBeCTH Ha HeM CBS3HOCTB C nOMOIIi;i>IO r-3HaHHOH CpyHKHHH Ha pe6paX /i({Xj,Xj}) = 

fi(xi,xj). Cb33hoctb HMeeT oneBH/xHoe cbohctbo fi(xi,Xj) = //(xj,Xj)~ . 

Cbh3hoctb jl (xj, Xj) Ha3biBaeTCH mpueuaAbHou, ecjrn ee mojkho Bbipa3HTb b TepMHHax 
cpyHKH,HH Ha TOHKax (BepniHHax rpacpa): 

fi {xi,Xj) = a (xi) a {xj)' 1 , a (x^ , a (xj) e T. (16) 

H3 jioKajibHofi KajinGpoBOHHOH HHBapHaHTHocTH cjie/xyeT aHajiorHHHoe (8) npaeuAO 
npeoBpasoeanufi djin cea3Hocmeu 

A*(xi,Xj) -> -f(x i y 1 fi(x i ,x j )'y(x j ) , 7 (xj) , 7 (x,-) G T. (17) 

3^,ecb 7 (x^ h 7 (xj) — npoH3BOjibHbie 3jieMeHTM rpynnbi BHyTpeHHHX CHMMeTpnii (mojk- 

HO CHHTaTb, HTO OHH CpHKCHpyiOT JIOKajIbHbie KOOpiXHHaTM B CJIOHX S x . H S x -). 

IlpeflnojioJKHB (odHo)c6H3HOcmt> rpacpa X (T.e. Hajmnne nyTH coeiXHHHioinero jno6bie 
/XBe ero BepniHHbi Xi 1 h X{ k ) mm mojkcm onpe^ejiHTb 3aBHCHiHHH ot nyTH napcui/ieAbHuU 
nepenoc 

H> tp^ii j 1 • • • ; "^ik ) M ' ) (^*2 ) "^i'i ) " " " A* ' "^ife) ' 

rjj,e Kashas napa {xj m ,x im+1 } HBjiaeTcs pe6poM. 

IlapajiJiejibHMH nepeHoc B/j,ojib HHKjia rpacpa, T.e. B^ojib 3aMKHyToro nyTH, 

5 *^2 ' * * * 5 ' ^1 ) 5 *^2 ) (^22 5 ^3 ) ' ' ' (^Zfc ' ^1 ) 

Ha3MBaeTCH soAOHOMueu. B HenpepbiBHOM npocTpaHCTBe HHcpnHHTe3HMajibHMM aHajio- 

TOM rOJIOHOMHH HBJIHeTCH KpU6U3H(l C6H3H0CmU, KOTOpaH B CpH3HHeCKHX TeopHHX OnH- 

cbmaeT CHjioBbie nojra. OneBHflHO, hto jno6aa: tojiohomhh TpHBHajibHoii cbh3hocth (16) 
TpHBHajibHa, T.e. paBHa e;xHHHii;e rpynnbi: jl (x^, Xj 2 , . . . , Xi k , x^) = 1. 3to 03HanaeT, b 

HaCTHOCTH, HTO TpHBHajIbHbie CBH3HOCTH He npHBOJXHT K KaKHM- JIH60 CpH3HHeCKH Ha6jIIO- 

flaeMBM nocjie^cTBHHM. 

SaMeTHM, hto b HamHx KOHCTpyKHHHx BpeMH "Gojiee cpyH^aMeHTajibHo", neM npo- 
CTpaHCTBO. To ecTb, npocTpaHCTBo He bxo^ht b e^HHyio CTpyKTypy Ha paBHbix c BpeMe- 

HeM, KaK 3TO npHHHTO B pejIHTHBHCTCKH HHBapnaHTHMX CpH3HHeCKHX TeopHHX. BBe^eHHe 
JIOKajIbHMX BpeMeH B ^HCKpeTHMX MO^ejIHX MOJKeT 6bITb flOCTaTOHHO npoGjieMaTHHHMM 
H HCKyCCTBeHHMM H3-3a OTCyTCTBHH HenpepblBHMX JIOpeHI];eBMX CHMMeTpHH . OflHaKO fla- 

jiee mm noKaaceM, hto Taxne hohhthh xax "npedeAbnafi cnopocmb" h "ceemoeou Konyc" 
B03HHKaioT b ^HCKpeTHofi ^HHaMHKe BnojiHe ecTecTBeHHo, a jiopeHn;eBM chmmctphh mo- 
ryT npoHBjiHTbCH b MaKpocKonnnecKHx MacniTa6ax KaK KOHTHHyajibHbie npnGjiH^KeHHa 
npn ocpe^HeHHH no 6ojibniHM KjiacTepaM ^HCKpeTHbix sjieMeHTOB . KpoMe toto, o6in;ee, 
T.e. 6e3 jioKajibHMx penapaMeTpH3an;HH, BpeMH T ("epeMH otcu3nu BceAenHou e ^aom") 
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o6ecneHHBaeT eflHHCTBO onHcaHHH flHHaMHKH, He3aBHCHMO ot Toro npe^CTaBjieHti jih 
coctohhhh CHCTeMbi b o6meM BH^e (2) hjih HMeioT cneuHajibHyio erpyKTypy (15), nofl- 
paayMeBaiomyio HajiHHHe npocTpaHCTBa. 

OnncaHHe sbojiiouhh flHHaMHHecKHX chctcm c npocTpaHCTBOM ^ojijkho yHHTBiBaTB 
sbojhohhio caMoro npocTpaHCTBa. 3^ecB TaKJKe, b cnjiy HajiHHHs npocTpaHCTBeHHBix 
CHMMeTpnii F, B03HHKaeT ecTecTBemiaH npoGjieMa oTOJK^ecTBjieHHsi tohck npocTpaHCTBa 
b pa3HBie MOMeHTBi BpeMeHH. ^Jia pa3peineHH5i stoh npo6jieMBi npe^cTaBHM npocTpa- 
HCTBo-BpeMH M b BH^,e paccjioeHHH a : M — > T c 6a3ofi T, thhhhhbim cjioeM X h 
CTpyKTypHoil rpynnofi F 

(M,T,X,F,a). (18) 

5Icho, hto ecjin npocTpaHCTBO X HMeeT CTpyicrypy rpacpa, a BpeMH T ,ii,HCKpeTHO, to no- 
CTpoeHHoe HaMH npocTpaHCTBO-BpeM3 M TaKJKe HBjiaeTCH rpacpOM h mbi MoxceM ncnojiB- 
30BaTb KOHCTpyKi^HH CB23HOCTH h napajuiejibHoro nepeHoca aHajiorHHHBie npHBe^eHHbiM 
Bbirne. 

^Jia Toro, hto6bi bkjiiohhtb sbojiiohhio chctcm c npocTpaHCTBOM b oGmyio cxeMy, 
onncbiBaeMyio paccjioemieM (7), Heo6xo,zrHMO CTpyKrypHyio rpynny G 3Toro paccjioeHHH 
npe^cTaBHTB b BH^e KOM6HHauHH npocTpaHCTBeHHBix h BHyTpeHHHX CHMMeTpnii: npo- 
CTpaHCTBeHHaa rpynna F nepecTaBjineT tohkh paccjioeHHS (18), a rpyrma BHyTpeHHHX 
CHMMeTpHii npeo6pa3yeT cjioh b (14). Bojiee ^eTajiBHBiii aHajiH3 npHBO^HT k KOHCTpyK- 
hhh, Ha3BiBaeMOH cnJiemenueM [5, 7, 12, 59] 

G = n x F = r x xF . (19) 

IIocjie,n;HHH H30MopcpH3M 03HaHaeT, hto cnjieTeHHe HMeeT CTpyKTypy noAynpsiMoso npo- 
H3Be^;eHH3, T.e. rpynna T x cpyHKHHH Ha npocTpaHCTBe co 3HaneHHHMH b rpynne BHyT- 
peHHHX CHMMeTpHii HBjiHeTCH HopMajibHbiM ^ejiHTejieM rpynnti G. 

H3 (19) bh^ho, hto rpynna G hbjihctch nacTHBiM cjiynaeM pa3Jio>KHMoro pacniH- 
peHHH rpynnBi F c noMoiHBio rpynnbi T x . ilpHBe^eM b hbhom BH^e onepauHH rpynnbi 
G, HMeiomeii CTpyKrypy (19), b TepMHHax onepauHii cocTaBjiHrornnx ee rpynn F n T. 
,H,eHCTBHe rpynnbi G Ha MHoacecTBe coctohhhh Q bhr& (15) BBipaxcaeTCH cpopMyjioii 

a (x) (a (x) , a) = a (xa" 1 ) a (xa" 1 ) , (20) 

r,n;e napa (a (x) , a) — sjieMenr rpynnbi G, x G X, a (x) G Q, a G F. IIpoH3Be,n;eHHe 
sjieMeHTOB G HMeeT bh^ 

(a (x) , a) {/3 (x) , 6) = (a (x) (xa) , ab) , (21) 
r^e (j3 (x) , b) G G. ,Hjih nojiHOTbi npnBe^eM TaioKe (popMyny o6paTHoro sjieMeHra: 

(a (x) , a)' 1 = (a (xa^y 1 , a" 1 ) . (22) 

3aMeTHM, hto pacninpeHHH rpynn o6pa3yioT Kjiaccbi 3KBHBajieHTHocTH. B nacTHocTn, 
cpopMyjibi (20-22) mojkho 3anncaTb pa3JiHHHBiMH 3KBHBajieHTHBiMH cnocoGaMH. YcTpoH- 
ctbo 3thx 3KBHBajieHTHocTeii , a TaK>Ke cnoco6bi o6T.e^HHeHHH npocTpaHCTBeHHBix H 
BHyTpeHHHX CHMMeTpnii oGcyjK^aioTCH b IIpHjiojKeHHH A c o6ni;eH TOHKH 3peHHH. 

IIoyHHTejibHo nocMOTpeTb KaKHM o6pa30M KajiH6poBOHHbie cTpyKTypbi peajiH3yioT- 

CH B HenpepblBHBIX (pH3HHeCKHX TeopHHX. Mbi paCCMOTpHM ^Ba npHMepa, B KOTOpblX 
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BBe^eHHbie Bbiirre KOHCTpyKirnii Hcnojit.3yiOTC5i 6e3 npeflnojicoKemia: hx ^HCKpeTHOCTH. 
B o6ohx npHMepax mhcokcctbom M 6yn;eT 4-MepHoe npocTpaHCTBo MuHKOBCKoro c toh- 

KaMH X = {x U ), a MHOJKeCTBaMH JIOKajIbHblX COCTOHHHH E — KOMnjieKCHBie JIHHefiHBie 

upocTpaHCTBa pa3JiHHHBix pa3MepHocTeH. CeneHHs ijj(x) sthx paccjioeHHft Ha3MBaioTC5i 
nojisiMH HacTim,. 

2.2.1 3jieKTpo,n,HHaMHKa. A6ejieB npoTOTun Bcex KajiH6poBOHHbix Teopnii. 

B ^aHHOM cjiynae rpynnoii BHyTpeHHHX CHMMeTpHft ( CHMMeTpnn jiarpaHJKnaHOB h cpn- 
3HHecKHX Ha6jiio,naeMbix) SBjiseTca aGejieBa yHHTapHaa rpynna T = U (1). CeneHHH 
rjiaBHoro U (l)-paconoeHHJi h&r npocTpaHCTBOM-BpeMeHeM mojkho npe^cTaBHTb b BH^e 

e ~ia(x) 

PaccMOTpHM napajiJiejiBHbifi nepeHoc rjik ppyx 6jih3ko pacnojio>KeHHbix Tonex npo- 
CTpaHCTBa-BpeMeHH: 

fi(x,x + Ax) = e~ ip{x ' x+Ax) . 
OyH^aMeHTajibHoe npaBHjio npeo6pa30BaHH5i cB33HocTefl (17) npHHHMaeT bh,h; 

H' (x, x + Ax) = e ia{x) fi (x, x + Ax) e ~ ia{ - x+Ax \ 

T^ajiee, b cootb6tctbhh c rnnoTesott, Ha KOTopofi ocHOBaHBi sMnnpiiHecKHe npujicoKeHns 
flH(pcpepeHii;HajibHoro HCHHoneHHa, mm 3aMeHseM paccMaTpHBaeMbie BBipaaceHHa jiHHefi- 

HBIMH KOM6HHaU,H2MH pa3HOCTefi KOOp^,HHaT, HTO npHBO^HT K npn6jIH>KeHH3M: 

fi(x, x + Ax)= e -M**+**) « 1 - iA(x)Ax, 
H'(x, x + Ax) = e ~ ip ^ x+ ^ « 1 - iA'(x)Ax, 

e -ia(x+Ax) ^ e -ia(x) ^ _ iVa ( x )A X ) . 

Koscpcpi-mHeHTbi A(x) h A'(x), BBe^eHHBie b sthx npnGjiHaceHHax, Ha3BiBaioTC3 l-<f>op- 
mcimu c6H3H0cmu. Bocnojib30BaBinHCB KOMMyTaTHBHOCTBio rpynnbi U (1) mm nojiynaeM 
npaBHjio npeo6pa30BaHH3 cpopMBi aGejieBofi cbs3hocth b BH^e 

A'(x) = A(x) + Va(x). 

B KOMnoHeHTax 3Ta cpopMyna HMeeT brr 

K(x) = A v {x) + 

1-cpopMa A(x), ripHHHMaiomaji 3HaHeHHa: b ajire6pe JIh rpynnti U (1), OTOJK^ecTBjrs- 
eTCH c BeKTopHBiM noTeHirnajioM sjieKTpoMarHHTHoro nojia, a ee ^ncpcpepeHiiHaji F = 

{F vrl ) = dA — C SJieKTpHHeCKHMH H MarHHTHBIMH CHJIOBMMH nOJI2MH. HanOMHHM, HTO 

b TeH3opHBix oGosHaneHHiix b jioKajibHbix Koop^HHaTax ^iicpcpepeHUHaji F cpopMBi A 

HMeeT BHfl 

dA„ dA„ 



F v 



ur] dx u dx 11 ' 

JXjis oGecneneHHH KajinGpoBOHHoii HHBapnaHTHocTH Heo6xo^HMo b ^HcpcpepeHiiHajib- 
hmx ypaBHeHHHX, onucbiBaioiiiHX nojiH ip(x), 3aMeHHTb nacTHbie npoH3BO^Hbie noeapu- 
anmHUMu: 

d v ->■ D u = d v - iA v {x). 
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Hto6l»i 3aBepiiiHTb nocTpoemie, HyacHO ,n;o6aBHTb ypaBHemra, onHCbiBaroiHHe sbojiio- 
uhh) caMoro KajiH6poBOHHoro nojia A(x). Tohhbih bh,ti; Taxnx ypaBHeHHfl He cjie^yeT 
HenocpeflCTBeHHO H3 KajinGpoBOHHoro npHHHHna. 51cho jihieib, hto ohh ^ojijkhbi 6bitb 
KajinGpoBOHHo HHBapnaHTHBiMH. B ^aHHOM cjiynae npocTefliHHfl BBi6op KajiH6poBOHHo 
HHBapiiaHTHBix ypaBHeHHfl npHBO^HT k ypaeueHUHM ManceeAAa: 

dF = nepeasi napa, 
d* F = emopasi napa. (23) 

3^ecB -k - onepaTop conpnwceHUfi Xodcuca ( u 3ee3da Xodotca"). SaMeTHM, hto ypaBHeHHe 
(23) cooTBeTCTByeT ypaBHeHHSM MaxcBejuia b BaxyyMe. B npncyTCTBHe tokb J emopasi 
napa ypaBHeHHfl MaxcBejuia npHHHMaeT bh,zi; 

*d* F = J. 

SaMeTHM TaKJKe, hto nepeasi napa ypaBHeHHfl — cymecTBeHHO anpnopHoe yTBepac^eHHe, 
T.e. TOJK^ecTBo, KOTopoe BbinojiHHeTCH fljia jnoGoro ^rncpcpepeHHHajia BHeniHefl cpopMbi, 
KaKOBBiM F HBjiaeTCH no onpe^ejieHHio. 

2.2.2 HeaSejieBbi KajinSpoBOHHbie TeopHH b HenpepbiBHOM 
npocTpaHCTBe-BpeMeHH. 

Ecjih KajinGpoBOHHan rpynna V HBjineTCH Hea6ejieBofl rpynnofl JIh, to noTpe6yeTca 
He3HaHHTejibHaH Mo,zrHcpHKauHH npe^bi^ymero nocTpoeHHH. CHOBa 3aMeHa r-3HanHoro 
napajuiejibHoro nepeHoca Mexc^y flByMH 6jih3ko pacnojio>KeHHbiMH npocTpaHCTBeHHO- 
BpeMeHHb'iMH TOHKaMH x h x + Ax jiHHeflHofl KOMGHHainiefl pa3HocTefl 3thx Tonex npn- 
bo^ht k 1-cpopMe A = (A u ) co 3HaHeHHHMH b ajireGpe JIh rpynnbi T: 

/i (x, x + Ax) m1 + A v {x) Ax". 

3flecb Hcnojib30BajicH tot cpaKT, hto /i(x,x) = 1. CTaH^,apTHbie HH(pHHHTe3HMajibHbie 
MaHHnyjiHn;HH c npaBHjioM npeo6pa30BaHHH cBH3HocTefl (17) 

'y(x)~ 1 /j,(x J x + Ax)7(x + Ax) — ► 7 (x)" 1 (1 + A v (x) Ax u ) (7 (x) + ^ ^ Ax v 

\ ox 

npHBo^HT k cjie^yiorneMy npaBHjiy npeo6pa30BaHHH fljia 1-cpopMbi cbh3hocth 

A' u (x) = 7 (x)" 1 A v (x) 7 (x) + 7 (x)' 1 ^0-. 

2-(pOpMa KpHBH3HbI CBH3HOCTH 

F = dA + [A A A] (24) 
HHTepupeTHpyeTCH Kax (f>u3uuecKue cuAoeue noAsi. 1-cpopMa mpueuaAbnou cbh3hocth 

HMeeT BHfl 

A u (x) = 70 (z) —Q~^- 
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OopMa KpiIBH3H£>I (24) TaKOH CBH3HOCTH paBHa HJJIK). TpHBHajIbHaH CBH3HOCTb He no- 

po>K^;aeT HHKaKHX (pH3HnecKHX chji h Ha3breaeTCH riAOCKOu b ^HCpcpepeHHHajibHOH reo- 

MeTDHH. 

CymecTByioT pa3JiHHHbie BapnaHTBi ,zrHHaMHHecKHx ypaBHeHHii fljia KajinGpoBonHbrx 
nojieii [56]. Han6ojiee BaxcHbiM npHMepoM HBjineTCH meopusi Hma-Mvjuica, ocHOBaHHaa 
Ha jiarpaHJKHaHe 

L Y m = Tr [F A *F] . 

YpaBHeHHH flBHJKeHHH 5lHra-MHJIJICa HMeiOT BHfl 

dF + [A A F] = 0, (25) 
d*F+[i4A *F] = 0. 

3^ecB cHOBa ypaBHeHHe (25) HBjiHeTCH anpnopHbiM yTBepacflemieM, Ha3biBaeMBiM moafc- 
decmeoM Bvsihku. 3aMeTHM, hto ypaBHeHHH MaKCBejuia hbjihiotch nacTHbiM cjiynaeM 
ypaBHeHHii HHra-Mnjuica. 

HHTepecHO nocMOTpeTb KaK BbirjiH^HT jiarpaHJKHaH HHra-Mnjuica Ha ^HCKpeTHofl 
penieTKe. ^Jia npocTOTbi paccMOTpHM rHnepKy6HnecKyio penieTKy b npocTpaHCTBe-Bpe- 
MeHH Mhhkob cKoro M. BbinncjieHHe c Hcnojib30BaHHeM HH(pHHHTe3HMajibHbix annpoK- 
CHMau,HH noKa3biBaeT, hto Lym ~ Y2f a (7/)j r ^ e cyMMnpoBaHne Beflerca no BceM ,HBy- 
MepHbiM rpaHHM sjieMeHTapHoro rnnepKy6a. OyHKnHfl a HMeeT bh,h 

a ( 7 ) = 2 dim p - X (p (7)) - X {p ] (l)) = 2* (1) ~x(p (l)) ~ X {p ] (l)) , 

r^e p — cpyH^aMeHTajibHoe npeflCTaBjieHne KajinGpoBOHHoii rpynnbi (p* o3HanaeT ,n;yaj±b- 
Hoe npe^cTaBjieHHe), \ — xapaKTep (cjie^; MaTpniibi npe^cTaBjieHHa:) , 7/ — tojiohomhh 
rpynribi T BOKpyr rpaHH /. 

B TeopHH HHra-Mnjuica Hcnojib3yeTCH onepaTop Xo^xca, npeo6pa3yioni,HH: fc-cpopMbi 
B (jl — fc)-(pOpMbI npH HajIHHHH MeTpHKH B n-MepHOM npocTpaHCTBe M. B TonojiorHHe- 
ckhx npHjio>KeHHHx 6ojibHiyio pojib nrpaeT Tax Ha3biBaeMan BF meopusi. BF TeopHH 
H36eraeT Hcnojib30BaHHH MeTpHKH 3a cner BBe^eHHH ^onojiHHTejibHoro flimaMHHecKoro 
nojiH B, npeflCTaBjiHK)H];ero co6oii (n — 2)-dpopMy co 3HaneHHHMH b ajire6pe JIh Kajin6- 
poBOHHott rpynnbi. KajinGpoBOHHO HHBapnaHTHbin jiarpaHJKHaH BF TeopHH HMeeT bh,h 

L bf = Tr [B A F] . 

2.2.3 Bo3HHKHOBeHne npocTpaHCTBa b ^HCKpeTHoii flHHaMHKe. 

B HexoTopbix coBpeMeHHbix (pH3HnecKHX Teopnax no^;pa3yMeBaeTCH, hto npocTpaHCTBO 
(h ^ance BpeMa) hbjihiotch npoH3BOJXHbiMH hohhthhmh, T.e. ohh OTcyTCTByioT b (pyH- 
^aMeHTajibHoii cpopMyjinpoBKe Teopnn, ho hohbjihiotch KaK HeKOTopbie npnGjiHJKeHHbie 
KOHnenirHH Ha MaKpocKonnnecKOM ypoBHe. HHTepnpeTanHH npocTpaHCTBa b TaKOM nyxe 
B03HHKaeT ^oBojibHo ecTecTBeHHo. Hto yae KacaeTCH BpeMeHH 12 , to nonbiTKH BbiBecTH 
ero H3 Gojiee cpyH^aMeHTajibHbix noHHTHii Tpe6yioT flonojimrrejifeHfeix ycnjinii h ncnojib- 
30BaHHH HeKOTopbix apryMeHTOB ad hoc. IIpo6jieMbi BbiBona npocTpaHCTBa h BpeMeHH 

12 MoTHBau;HH paccMaTpHBaTb BpeMH Ha o^hom ypoBHe cpyHflaMeHTajitHOCTii c npocTpaHCTBOM hcxo- 
flHT H3 cneiniajibHoii TeopHH othochtcjibhocth. 
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H3 Gojiee (J)yHflaMeHTajibHbix cymHocTeft o6cyacflaioTCH, b nacTHocTH, b Teopnii cTpyH 
[60], TeopnH Kay3ajibHbix mhojkcctb [52] h TeopnH cnnHOBbix ceTeft [3]. 

C nOMOIUBK npOCTOH KOHCTpyKI^HH [41] nOKaJKeM, KaKHM 06pa30M IipOCTpaHCTBeHHO- 
BpeMeHHBie CTpyKTypBI MOryT B03HHKaTB B ^HCKpeTHOH ^HHaMHKe. IIpeflnOJIOJKHM, HTO 

HMeeTcs nocjie^oBaTejiBHocTB, noMeneHHbix (HH^eKCHpoBaHHBix) BpeMeHeM co6bithh pa3- 

HblX THIIOB H B03MO)KHOCTb pa3JIHHaTb 3TH THIIBI. Bojiee KOHKpeTHO paCCMOTpilM MHOJKe- 
CTBO CHMBOJIOB E = {(Ti , 0"2, . . . , CTjv}, oGoSHaHaiOIHHX (pHKCIipyeMBie B BOCnpHHTHH HeKO- 

Toporo "Ha6jnoflaTejiH" sjicmchtbi ontiTa, h npe^nojioacHM, hto "Ha6jno,n,aTejib" cnoco6eH 
"BocnpHHHMaTB" h "3anoMHHaTb" nocjie^oBaTejiBHOCTH (iiotokh) CHMBOJIOB 

h = s si ■ ■ ■ s t , r^e Si G E, t G N . (26) 

IIoHHTHa "npuHUHHOcmu" h "ceemoeoso Konyca" B03HHKaioT coBepnieHHO ecTecTBeHHO. 

HeB03M05KHOCTb npeOflOJieTB "cKOpOCTb CBeTa" 03HaHaeT HeB03MO}KHOCTB nOJiyHHTb 6ojib- 

ine neM t chmbojiob ("ajieMeHTOB bochdhjithji") 3a t Ha6jno,n,eHHH. 

B npocTefiineM no#xo,a,e chcthhkh co6bithh pa3JiHHHBix thiiob mojkho HHTepnpeTiipo- 
BaTb KaK npocTpaHCTBeHHBie H3MepemiH, a ToiKy npocTpaHCTBa-BpeMeHH p onpe,n;ejiHTb 

KaK KJiaCC SKBHBajieHTHOCTH nOCJie^OBaTejIbHOCTeii C O^HHaKOBBIMH KpaTHOCTHMH BXOJK- 

^eHHa KaJK^oro CHMBOJia, T.e. p npe^cTaBjiaeT co6oii "KOMMyTaTHBHBiii mohom" nojiHofl 
CTeneHH t, onHCbreaeMbiH BeKTopoM H3 N HaTypajiBHbix nnceji: 

p = (nt, . . . ,n N+1 ) T , m H \-n N = t, (27) 

Tli — KpaTHOCTb BXOJK^eHHH CHMBOJia (Ti B IIOCJie^OBaTejIBHOCTB h. B TepMHHaX KOMMy- 
TaTHBHBIX MOHOMOB "CBCTOBOH KOHyC npOHIJIOro" — 3TO MHOJKeCTBO flejIHTejieft MOHOMa 

p, a "cBeTOBoii KOHyc Gynymero" — mhojkcctbo ero KpaTHtix (cm. Phc. 2). 



n 2 




Phc. 2: npocTpaHCTBeHHO-BpeMeHHaa TOHKa p KaK Kjiacc SKBHBajieHTHOCTH nyTeii c o^h- 

HaKOBBIMH HHCJiaMH Til, Tli, ■ ■ ■ i ^JV- 

Pa3yMeeTca, npHBe^eHHaa cxeMa HMeeT jihhib HjuiiocTpaTHBHBiH xapaKTep. Hto6bi 
npHcnoco6HTB ee k onncaHHio Gojiee peajibHbix Mo^ejiefi, Heo6xo^HMO BBe^eHHe ^onoji- 
HHTejiBHbix CTpyKTyp h, B03MOJKHO, iipyroro onpe^ejieHHa noHHTHS npocTpaHCTBeHHO- 
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BpeMeHHoii tohkh, yHHTtiBaioiHero, b nacTHOCTH, chmmctphh MeJK,ay CHMBOjiaMH mho- 
»cecTBa E. Heo6xo^HMo, HanpnMep, hto6m b npe^ejie Gojibhihx 3HaneHHH (hjih, b 
3aBiicHMocTH ot onpe,n;ejieHHs noHHTHa tohkh, KaKHx-jin6o flpyrnx no^,o6Ht.ix xapaKTe- 
piiCTHK nocjie^OBaTejiBHOCTH (26)) b KanecTBe KOHTHHyajitHoro iipH6jiH:>KeHHH B03HHKa- 
jih ciiMM6TpiiH Jlopemja (hjih IlyaHKape). 

JXjik HjunocTpaniiH sthx coo6pa>KeHHH nocTpoHM npocryio cpH3HHecKyio Mo^ejit. 

PaCCMOTpHM MHOJKeCTBO CHMBOJIOB H3 RByX SJieMeHTOB £ = {<7i, <7 2 } C eCTeCTBeHHBIM 

npe^nojiojKeHHeM, hto oho chmmctphhho oTHocHTejibHo nepecTaHOBKH chmbojiob. 3Ta 
nepecTaHOBKa nopojK^aeT rpynny S2. ^onycTHM, hto TOHKa npocTpaHCTBa-BpeMeHH xa- 

paKTepH3yeTCH, b cootb6tctbhh c (27), BeKTopoM p = ( Ul ] . ,Z],eHCTBHe rpynnbi S2 Ha 

\n 2 J 

(1 o\ fo i\ u 

TaKHe BeKTopti onHCBiBaeTCH ^ByMH MaTpnijaMH e = I n ir= I . /J,jih yne- 



1J \1 y 

Ta CHMMeTpHH CHMBOJIOB, HeOOXOflHMO BBipa3HTB TOHKy p B TepMHHaX HHBapHaHTHBIX 

noflMo^yjieii rpynnti S2. A 1 3Toro Hyxoio pa3Jio>KHTB ^encTBHe rpynnti Ha HenpHBO- 
^HMBie KOMHOHeHTti. IIepexo,n, k 6a3Hcy HHBapnaHTHbix no,zrMo,zryjieH mojkho bbihojihhtb, 

HanpnMep, c noMomtio MaTpnubi T = f j ^lj ' ^ HHHTIHaa MaTpmja e, ohcbh^ho, He 
H3MeHHTCH, a MaTpnua OTpaaceHHH npHMeT bh,h r' = ( J. Tonxa npocTpaHCTBa- 



BpeMeHH B HOBOM 6a3HCe IipHMeT BHfl p' = 71 f ^j ' HJIH, eCJIH BBeCTH 0603HaHeHHH 

t = rii + n 2 h x = rii — n,2, p' = ( j ■ IlepeMeHHyio x Ha30BeM "npocTpaHCTBOM" ("npo- 

CTpaHCTBeHHBIM H3MepeHHeM") . Mbl BHflHM, HTO HajIHHHe CHMMeTpHH yMeHBHIHJIO HHCJIO 

o>KH^aeMBix npocTpaHCTBeHHtix H3MepeHHH h, KpoMe Toro, nepexofl k HHBapnaHTHBiM 

nO^MO^yjIHM BBIHyZHIJI HaC BBeCTH OTpHH,aTejIBHbie HHCJia 13 . 

Tenept ^,o6aBHM HeMHoro (pH3HKH, npe^nojiojKHB, hto nocjie^oBaTejibHocTB chmbo- 
jiob h = SQSf--St, Si G {01,02} cooTBeTCTByeT cxeMe ucnumanuu BepnyAAU, T.e. b 

J^OCTaTOHHO flJIHHHblX nOflnOCJieflOBaTejIbHOCTHX CHMBOJIBI G\ H 0"2 nOHBJIJHOTCH C CpHK- 
CHpOBaHHBIMH HaCTOTaMH (BepOHTHOCTHMH) p\ H P2 + P2 = 1)- Tor^a BepOHTHOCTb 

KaJK^OH OT^ejibHofl nocjie^oBaTejibHOCTH onncbiBaeTCH GHHOMHajibHbiM pacnpe^ejieHH- 
eM 

P(n 1 ,w a )= {ni+ . n f P Tvf. (28) 

BBe^eM BejiHHHHy v = p\ — P2 h Ha30BeM ee " cKopocrm>K>" . Ckopoctb, ohcbhjxho, orpaHH- 
neHa no a6cojiiOTHOH BejiHHHHe: — 1 < v < 1. Bbihhcjihm c noMombio cpopMyjibi Cthpjihh- 
ra acHMnTOTHKy BtipajKeHHH (28) ^jih Gojibhihx ri\ h n 2 b oKpecTHocTH cTau;HOHapHoro 
3HaHeHHH 3Toro BtipaJKeHHH. Mm orpaHHHHBaeMCH HjieHaMH BToporo nopn^Ka b pa3- 
jio>KeHHH b pafl jiorapncpMa BbipaJKeHHH (28) b OKpecTHocTH CTainioHapHoro 3HaneHHH. 



13 nocKOjibKy r 2 = 1. co6cTBeHHBie Hiicjia MaTpHii,bi OTpa»ceHHH — KBaflpaTHbie kophh H3 eflHHHn^i, 
ofliH H3 KOToptix e = q 2 ^ 1 / 2 HBjiHeTCH npuMumueHUM. TaKiiM o6pa30M, mh nojiy^aeM KOJibn,o Z Kax 
aA3e6pauHecKoe pacmupenue nojiyKOjibi^a N c noMombio ajire6paii x iecKoro sjieMeHTa e. 
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3aMeHHB n\ h ri2 nepeivreHHbiMH tax, a BepoHTHOCTH — CKopocTbio, mm nojiyHHM 



1 12 1 / x - vt N 



P(z,t)*P{x,t) = -==K -exp *--[-==) . (29) 



v 



3aMeTHM, mo sto Bbipa>KeHHe coflepacnT ' 'pe jisthbhctckhh' ' (pparMerrr x , . Bbiiioji- 

v 1 — v 

hhb 3aMeHy nepeMeHHBix t = T + t'vix = vT + x', BBipaaceHHe (29) mojkho nepenncaTb 

B BH^e 

1 p2 [ 1 fx'-vt'V) /tf 



Ecjih npe^nojiojKHTb, hto t' < T (1/T — "nocroaHHas Xa66jia", at' — "xapaKTepHoe 

BpeM3 Ha6jHO^eHHfi") , TO (30) C BblCOKOH TOHHOCTBIO BOCnpOH3BO,HHT "pejISTHBHCTCKyiO 

HHBapiiaHTHocTB". BbipaxceHiie (29) npe^cTaBjiaeT co6oii (pyrmaivreHTajibHoe peinemie 
ypaenenufi menAonpoeodHocmu 14 

dP (x, t) ^ dP (x, t) _ (1 - v 2 ) d 2 P (x, t) 
dt dx 2 dx 2 

B "npe^ejie ckopocth cBeTa" \v\ = 1 sto ypaBHerme nepexo^HT b eoAHoeoe ypaeuenue 

d?(x,t) ± d?(x,t) _ Q 
dt dx 

IIpOCTOTa 3TOH MO^ejIH ^aeT B03MOJKHOCTb CpaBHHTB TOHHbie KOMGnHaTOpHBie Bbipa- 
JKeHHH C HX KOHTHHyajIBHBIMH npH6jIH>KeHH2MH. CpaBHeHHe nOKa3BIBaeT, HTO KOHTHHy- 

ajibHBie npn6jiH>KeHH5i MoryT bhochtb cepbe3Hbie apTecpaKTBi. PaccMOTpuM THniiHHyio 
rjik MexaHHKH 3a^;aHy: Haft™ sKCTpeMajin TpaeKTopnii, CBfl3BiBaioni;HX ppe cpHKcnpo- 
BaHHbie tohkh npocTpaHCTBa-Bp6M6HH (0,0) h (X , T). HaiiieS Bepcueii "npimyuna nau- 
Mem>iueeo deucmeun" 6yn;eT iiohck TpaeKTopmi MaKciiMajibHoii BepoHTHocTH. BepoHT- 
HocTb TpaeKTopHH, cBH3biBaioirj;eH tohkh (0, 0) h (X, T) h npoxoflHmefi: nepe3 HeKOTopyio 
npoMeacyTOHHyio TOHKy (x,t), b cooTBeTCTBHH c npaBHjioM BbraHCJieHHH ycAoenou eepo- 
amHocmu, HMeeT bur 

P(x,t)P(X-x,T-t) 



P(X,T) 

t\(T-ty.(^y.(^y. 



(31) 



AHajiorHiHaa ycjioBHaa BepoarHOCTb rjik KOHTHHyajibHoro npnGjiiDKemra (29) iipHHH- 
MaeT bh^ 

\2 



T I (Xt - XT)' 

(1 -v 2 )tT(T-t) GXP [2(1- v 2 )tT (T-t) 



P(o,o)^(x,t)^(x,T) = ^=f= „ exp { -— ^ Aimlrr ^ \ ■ (32) 



HMeioTCH cymecTBeHHbie pa3JiHHH5i MejK^y TOHHbiM BbipaxcemieM (31) h ero KOHTHHy- 
ajibHbiM npn6jimKeHiieM (32): 



1 3to ypaBHeHHe Ha3t>iBaeTCH TaioKe, b 3aBHCHMOCTH ot HHTepnpeTauHii cpyHKiniH P(x 1 t), ypaene- 
HueM duc/)(f>y3uu hjih ypaenenueM @OKKcpa- I7aclhk(i. 



22 



• BbipaxceHiie (32) co^epaoiT ucnyccmeeHHym 3aeucuM0cmb ot ckopocth v (hjih, 

SKBHBajieHTHO, OT BepOHTHOCTeft Pi, p 2 ) B OTJIHHHe OT TOHHOH BepOHTHOCTH (31). 

• JlerKO npOBepHTB, HTO MaKCHMyM BepOHTHOCTH B TOHHOM BBipaaceHHH (31) flOCTH- 

raeTca He Ha e/xHHCTBeHHoii TpaeicropHH, a Ha MHOJKecTBe pa3JiHHHbix TpaeicropHH, 
Torfla KaK cpyHKHHOHaji (32) HMeeT e/XHHCTBeHHyio SKCTpeMajiB, a hmchho, npHMyio 
jihhhio i= |iB KanecTBe demepMUHUcmunecKou mpaeKmopuu. 3^ecB mbi HMeeM 
npHMep Toro, hto ^eTepMHHHCTHHecKoe noBe^eHHe mojkct B03HHKHyTB b pe3yjiB- 
TaTe npn6 jih>k6hhji , ocHOBaHHoro Ha 3aKOHe Gojibhihx HHceji. 

2.3 Oco6eHHOCTH ^eTepMHHHCTHHeCKOH flHHaMHKH. 

Pe3yjiBTaTbi 3Toro pa3,nejia ocHOBaHbi Ha paGoTax [27, 31, 34]. 

OTcyTCTBHe KaKHx-jin6o 3aKOHOMepHocTeii b noBe^eHHH jxHHaMHiecKOH cncTeMbi o3Ha- 
naeT, hto ee TpaeKTopnefi mojkct 6biTb c Heonpe^ejieHHOH BepoHTHOCTBio jno6oe cene- 

HHe (9) paCCJIOeHHH (7). PaCCMOTpHM 3BOJIIOHHH C (pHKCHpOBaHHBIM HHCJIOM k HiaroB 

no BpeMeHH: h^t = (oJt-kt ■ ■ ■ i u t) ■ 3™ TpaeicropHH hbjijhotch sjieMeHTaMH MHOJKecTBa 



Hk,t = ^s- CTaH^apTHbifl cnocoG BBe^eHHH 3aKOHOMepHocTeft b iXHHaMHKy cocto- 



ht b tom, hto6bi npHnHcaTb KaKHe-jinGo HeoTpHH,aTejiBHBie HHCJia p {hkj) TOHKaM mho- 
>KecTBa Hkj. 3th HHCJia mbi 6yn,eM Ha3BreaTB eecaMu 15 . 3HaneHHHMH cpyHKHHH p(-) 
MoryT 6biTb npoH3BOJiBHBie Ben^ecTBeHHBie HHCJia, o/XHaico, b cootb6tctbhh c Hjj,eojio- 
rnen jt^ihhoh CTaTBH, mbi npe/xnoHHTaeM HaTypajiBHBie 3HaneHHH. Ecjih orpaHHHHTBCH 
fljis BecoBofi (pyHKi^HH tojibko 3HaHeHHHMH h 1, to mbi nojiyHHM xapanmepucmu- 
HecKym (fiyHKunm HeKOToporo noflMHoacecTBa MHOJKecTBa Hkj- B KjiaccnnecKOM cjiy- 

Hae COCTOHHHH CHCTeMBI BO BCe MOMeHTBI BpeMeHH T CpHKCHpOBaHHO OTOJK^eCTBJieHBI C 

3jieMeHTaMH MHo>Ke ctb a fl. riosTOMy MHOJKecTBo TpaeKTopHH mojkho 3anncaTB B BH^e 
H^ t = Q k+1 = Hk. SaMeTHM, hto mbi "noTepajiH" 3aBHCHMocTB ot "TeKymero MOMeHTa 
BpeMeHH" t, nosTOMy ecTecTBeHHo npe;jnojio:>KHTB, hto h xapaKTepHCTHHecxaH CpyHK- 
HHH TaKJKe 3aBHCHT TOJIBKO OT flJIHHBI TpaeKTOpHH. JIlo6oe IIO^MHOJKeCTBO jj,eKapTOBoro 
IipOH3BefleHH5I 11 MHOvKeCTB (Heo6iI3aTejIBHO O^HHaKOBBIx) Ha3BIBaeTCH n-apHBIM OTHO- 

HieHHeM 16 . (k + l)-apHoe ^HcxpeTHoe oTHonieHHe Ha MHoacecTBe mbi 6yn;eM Ha3BmaTB 
aeoJiwi^uoHHUM orrmouieHueM k-so nopRdna. C homodxbio xapaKTepncTHHecKOH cpyHKHHH 
3TO OTHOHieHHe mojkho 3anHcaTB b BHjj;e ypaBHeHHH 



Mbi 6yn;eM Ha3BreaTB SBOjnouHOHHoe OTHonieHHe k-ro nopaflKa demepMUHUcmuHecKUM, 
ecjiH ypaBHeHHe (33) mojkho pa3peniHTB 17 OTHOCHTejiBHO nepeMeHHofi uj t . ^eTepMHHH- 
CTHHecKoe 3BOjnon;HOHHoe ypaBHeHHe k-vo nopn^Ka mojkho 3anncaTB b BH^e 



15 OTHopMnpoBaB eecoeym <fiyHKv,uK> p (•) no bccm ajieMeHTaM MHOJKecTBa Hk,t momo ncwiyHHTb pac- 
npedeAenue eepoHmHocmeu. 

16 Bojiee no,n;po6HO fliiCKpeTHbie OTHOineHHH h hx npHjio»ceHHH k CTpyKTypHOMy aHajiH3y flHHaMH^ie- 

CKIIX CHCTeM, B HaCTHOCTH, KJieTOHHBIX aBTOMaTOB, o6cyjKflaK5TCH B IIpHJIOJKeHIlH B 

17 OTHOineHHs: TaKoro rana Ha3biBaiOTCH ^yHK^uoHOAhHUMU (cm. IlpHjiojKeHHe B). 



s=t—k 




(33) 



L0 t = F(u t -i, ■ ■ -,UJt-k) ■ 



(34) 
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B npHJIOJKeHHJIX 06BIHHO paCCMaTpHBaiOTCH fleTepMHHHCTHHeCKHe ^HHaMHHeCKIie CHCTe- 

mbi nepBoro nopa^Ka. JX^R jno6oii TpaeKTopnn TaKofi chctcmbi ee cocTOHHne b ^aHHBifi 

MOMeHT Bp6M6HH HBJIHeTCH ^>yHKV ) UeU COCTOHHH3 B npe^bl^yilXHH MOMeHT: 

w t = F (w t -i) , w t , w t -i G Q. (35) 
/Iajiee b stom pa3^ejie mbi 6yn;eM paccMaTpnBaTB tojibko chctcmbi nepBoro nopa^Ka, 

XOTH, C HeKOTOpBIMH TeXHHHeCKHMH yCJIOJKHeHHHMH, pe3yjibTaTbi , aHajiorHHHBie TeM, HTO 

6ynyT H3Jio>KeHBi HiiJKe, mojkho nojiynnTB h ,zijih Gojiee o6mefi ^eTepMHHHCTHnecKon 

flHHaMHKH (34). 

HaHHeM c 3aMeHaHHfl o6mero xapaKTepa o cbh3h CHMMeTpnii c flHHaMHKofi b fle- 
TepMHHHCTHHecKOM cjrynae. rpynna CHMMeTpnii G pa36HBaeT mhojkcctbo Q Ha Hene- 
peceKaioinHecji op6nTBi KOHenHoro pa3Mepa. H3 cpyHKirnoHajibHocTH oTHomeHHH (35) 
HeMefljieHHo cjie^yeT, hto 

• duHdMUHecKue mpaenmopuu npoxquaT spynnoeue op6umu b nopa^Ke HeB03pacTa- 

HHH pa3MepOB Op6HT, 

• nepHo^nnecKHe TpaeKTopnn npoxo^aT nepe3 op6HTbi o^Horo h Toro ace pa3Mepa. 

2.3.1 CojiHTOHonoflo6Hbie CTpyKTypu b fleTepMHHHCTHnecKoii ^HHaMHKe. 

06paTHMC3 k ^HHaMHHecKHM cHCTeMaM c npocTpaHCTBOM . O^hoh H3 xap aKTepHBIX oco- 
GeHHocTefi flimaMHKii TaKnx cHcreM aBjiaeTca (popMnpoBaHne flBiDKymiixcH b npocTpaH- 
CTBe CTpyKTyp, coxpaHHiornHX cpopMy. rioKaaceM, hto Taxoe noBe^eHne hbjihctch eere- 

CTBeHHBIM CBOHCTBOM CHMMeTpHH npOCTpaHCTBa. 

Ha^HeM c npocToro o6o3pHMoro npHMepa ^HHaMnnecKoii chctcmbi. B KanecTBe npo- 
cTpaHCTBa X B03BMeM Ky6 (mbi 3^ecB, fljia: KpaTKocTH, Ky6oM Ha3biBaeM dpacfi ny6a). 
3aMeTHM, hto Ky6 mojkho paccMaTpHBaTB Kax npocTeiiniyio " KOHCHHyw ModeAb zpacfie- 
Ha", nojiyneHHyio 3aMBiKaHHeM reKcaroHajibHofl no^penieTKH b Top, xax sto noKa3aHo 
Ha Phc. 3. 



a aba 




b aba 



Phc. 3: Tpacp Ky6a o6pa3yeT neTBipexyrojibHyio penieTKy Ha ccpepe (6 neTBipexyrojib- 
hhkob) h HiecTHyrojibHyio penieTKy Ha Tope (4 HiecTHyrojibHHKa) . 

TpynnoH CHMMeTpnii Ky6a hbjihctch 48-3JieMeHTHaH rpynna F = S4 x Z 2 . Ecjih 

S = {0, 1} — MHOJKeCTBO COCTOHHHH BepHIHH Ky6a, TO nOJIHOe HHCJIO COCTOHHHH MO- 

^ejiH paBHO |S X | = 2 8 = 256. ^jih npocTOTBi npeflnojioxcHM, hto rpynna BHyTpemnix 
CHMMeTpnii TpHBnajiBHa T = {1}, Tor^a, b cootb6tctbhh c (popMyjion (19), nojiHan 
rpynna CHMMeTpnii Mo^ejin cpaKTnnecKH coBna^aeT c rpynnofi CHMMeTpnii npocTpaH- 
CTBa: G = r x xF = {l} x xiF = F. rpynna G pacmenjiaeT mhojkcctbo coctohhhh S x Ha 
22 opGnTBi, pa3Mepbi h nncjia kotopbix npe^CTaBjieHBi Ta6jiHneii: 
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pa3Mep op6nT 


1 2 4 


6 8 


12 


24 


HHCJIO Op6HT 


2 1 2 


2 5 


4 


6 



PaccMOTpHM fleTepMHHHCTHHecKyio ^HHaMHHecKyio cHCTeMy Ha Ky6e, a hmchho, chm- 
MeTpHHHbiii [26, 30] 6iiHapHt>iii TpexBajieHTHbiii KjieTOHHbiii aBTOMaT (cm. IlpHjiojKeHHe 
B) c iipaBHjioM 86. Hhcjio 86 - sto ^ecHTHHHoe npe^cTaBjieHHe ctpokh 6htob (noflpa3yMe- 
BaeTca B03pacTaK>in;HH nopaflOK paspaflOB) H3 nocjie^Hefl kojiohkh Ta6jiHnbi, 3aflaioin;efi 
npaBHjio sbojhohhh aBTOMaTa 



Xl,i 


X2,i 


X3,i 




A 


























1 


1 


1 











1 


1 








1 





1 


1 








1 


1 


1 





1 





1 


1 


1 





1 


1 


1 


1 


1 






3^ect ij m i- — coctohhhh i-¥i BepniHHBi Ky6a b npe^bi,zryiiiHH h nocjie,n;yioiri;HH momchtbi 
BpeMeHH, cooTBeTCTBeHHo; Xi t i, X2 t i, Xsj — coctohhhh B6piniiH, CMe>KHBix c i-R b npe,n;bi- 
pymjiPL MOMeHT. no,n;pa3yMeBaeTC5i cHMMeTpHHHocTb npaBHjia sbojiiohhh oTHocHTejibHo 
Bcex nepecTaHOBOK BepniHH xi i, X2 ) i, x 3 ^, nosTOMy b nepBbix Tpex cTOJi6u,ax Ta6jiHHbi 
npe^cTaBjieHbi CHMMeTpH30BaHHbie KOM6HHainiH 3HaHeHHfi. 3to npaBHjio mojkho Taxace 
3anncaTb b CTHjie, npHHHTOM jj,jih aBTOMaTOB THna Life KoHBea, b TepMHHax cnncKOB 
" pootcdenue" /" euafcueanue" b bkj^g B123/S0 hjih b Bime nojiHHOMa Ha,a, KOHenHbiM nojieM 
F 2 

x\ = Xi + n x + n 2 + n 3 , 

r^elli = x 1) i+x 2 ,i+x 3)i , n 2 = x 1)i X2,i+x h iX 3:i +x 2 ,iX 3: i, Il 3 = x h iX 2 ,iX 3)i — sjieMeHTapHbie 

CHMMeTpHHeCKHe CpyHKHHH. 

Oa30Bbifi nopTpeT aBTOMaTa noKa3aH Ha Phc. 4. Ha stom pncyHKe rpynnoBbie op- 

6HTBI npe^CTaBJieHBI MajieHBKHMH OKpyjKHOCTHMH, CCflepjKaiHHMH MeTKH op6nT 18 . Hhc- 

jia Hafl op6nTaMH h BHyrpH hhkjiob — pa3Mepbi opGnT. HanoMHHM, hto hhkjibi cocto- 
ht H3 op6nT cflHHaKOBoro pa3Mepa (cm. 3aMenaHHe Ha CTp. 24). PainioHajiBHoe hhc- 
jio p o6o3HaHaeT Bee cooTBeTCTByiomero BjieMeHTa cpa30Boro nopTpeTa. OaKTHHecKH, 

P — 3TO BepOHTHOCTB TOrO, HTO TpaeKTOpHH CJiyHaHHO BBl6paHHOrO COCTOHHHe OKa- 
JKeTCH H30JIHpOBaHHBIM HHKJIOM HJIH 6y^eT 3aXBaHeHa COOTBeTCTByiOIHHM aTTpaKTopoM: 

pa3Mep 6acceuHa r r 

p = - - -, rne pa3Mep oacceuna — sto cyMMa pa3MepoB opOHT, 

y nojinoe hucjw cocmoHHUu ' ^ ^ r J 1 1 v ' 

BxcflHiHHX b ^aHHyio CTpyKTypy. 

06o6maH stot npHMep Mbi bh/xhm, hto ecjin rpynna chmmctphh demepMUHUcmuHe- 

CKOU ^HHaMHHeCKOH CHCTeMbI paCIHenjIHeT MHOJKeCTBO COCTOHHHH Ha KOH6HH06 HHCJIO 

op6HT, to AK>6afi TpaeKTopHH 3a KOHeHHoe hhcjio niaroB no BpeMeHH Heu36emcHO ne- 
pen^eT b hhkji Hajj; HeKOTopoii nocjie,n;oBaTejibHocTbio op6nT. 3to KaK pa3 h o3HanaeT 
(popMHpoBaHHe coAumoHonodo6Hux cmpyKmyp. A hmchho, paccMOTpHM sbojhohhio 



a t0 (x) a tl {x) = A tlt0 (a to (x)) . 



(36) 



18 OaKTH T iecKH 3th MeTKH npeflCTaBjiHiOT co6oii nopHflKOBtie HOMepa, KOToptie KOMntiOTepHaH npo- 
rpaMMa. Bbinncjiaiomaa 3bojhod;iiio MO^ejin, npiiCBaHBaeT op6iiTaM b npou;ecce hx noHBjieHiia. 
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Phc. 4: Kjiaccbi SKBHBajieHTHOCTH TpaeKTopnii fljia CHMMeTpnnHoro KjieTOHHoro aBTO- 
MaTa Ha Ky6e c npaBHjioM sbojiiohhh 86. 



Ecjih cocToaHHH b MOMeHTBi to h t\ npuHafljieacaT odnou u mou otce op6ume, T.e. 



IIocKojiBKy jj,encTBne rpynnbi cnMMeTpnn npocTpaHCTBa 3KBHBajieHTHo " deuatceHum" b 
npocTpaHCTBe , to (37) 03HanaeT, nro HanajibHoe cocTOSHne ("(popMa") cr ta (x) Bocnpon3- 
boithtcs nocjie HeKOToporo /XBHJKeHna b npocTpaHCTBe. 

IIpHBe^eM HecKOjiBKO npHMepoB uhkjiob Ha,n rpynnoBbiMH op6nTaMH c yxasaHHeM 
cooTBeTCTByroiirHX CHMMeTpnfi (ixBe H3 kotopbix HenpepBiBHBie) : 

• 6esyui ) ue boahu a [x — vt) b MaTeMaranecKon cpH3HKe — rpynna Tajinjiea; 

• " oBoBvuewHue KosepeHnmue cocmoHHun" b KBaHTOBoii <pH3HKe — ymiTapHBie npeir- 
CTaBjieHHH KOMnaKTHBix rpynn J1h; 

• "KOCMunecKue Kopa6Au" b KjieTonHbix aBTOMaTax — cnMMeTpnn peineTOK. 

B KanecTBe Gojiee jj;eTajibHoro rrpuMepa paccMOTpnM "eAaudep" — oflra H3 "kocmh- 
necKnx Kopa6jieii" KOHBeeBCKoro aBTOMaTa Life. LTpocTpaHCTBo X 3Toro aBTOMaTa npe/j,- 
CTaBjiaeT co6ofl KBa/rpaTHyio peineTKy. Mbi 6yn;eM cnnraTb, hto 3Ta penieTKa peajiH30- 
BaHa b BH^e jxncKpeTHoro Topa pa3Mepa N x N. Ecjih N ^ 4, to rpynna CHMMeTpnfi 
npocTpaHCTBa X npe^CTaBjiaeT coGofi nojiynpaMoe npon3Bejj;eHHe ixByMepHBrx TpaHCJia- 
nnn T 2 = Z/\t x Zjv h ixnsixpajibHOH rpynnbi D 8 = Z 4 x Z 2 : 



B cjiynae N = 4 no/xrpynna TpaHCJiHirnn T 2 = Z 4 x Z 4 y:»ce He HBjineTCH HopMajibHbiM 
/j;ejiHTejieM h rpynna F npnoGpeTeT HecKOJibKO Gojiee cjio>KHyio CTpyKrypy [37]: 




(37) 



F = T 2 x D 



ecjin N = 3, 5, 6, . . . , oo. 



HopMajibHoe 3aMbiKaHne T 2 
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HajiiiHiie ^onojiHHTejibHoro comho^khtcjih Z 3 b stom BbipaxceHHH oGtsicHsieTcsi chmmct- 
pnefi ^HarpaMMbi ^bimama c HeTbipbMH BepniHHaMH 

D,= 

cooTBeTCTByromeft cnynaio N = 4. 

MHOJKecTBo jioKajiBHBix coctohhhh KjieTOK aBTOMaTa Life HMeeT BHfl £ = {0, 1} = 
{" Mepmeasi" , u cncueasi"} . LTocKOjiBKy jioxajiBHoe npaBHjio stoto aBTOMaTa He chmmct- 
puiHO OTHOCHTejibHO nepecTaHOBKH JioKajiBHBix coctohhhh •G)- 1, rpynna BHyTpeH- 
hhx cHMMeTpHfi T TpHBHajibHa. LTosTOMy G = {l} x xiF = F. ^eficTBHe G Ha (pyHK- 
hhh a (x) G S x b cootb6tctbhh c cpopMyjiofi (20) HMeeT bh,h a (x) g = a(xf^ 1 ), r^e 
g — (1, /) , / G F. Ha Phc. 5 BocnpoH3Be^;eHbi b npeflnojioacemiH N > 4 neTbipe niara 
3BOJHOHHH rjiaiiflepa. 

o\ er 2 03 04 05 
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Phc. 5: LTpHMep cojihtohoho^oGhoh CTpyKrypbi. 'Tjiaftflep" KjieTOHHoro aBTOMaTa Life 
npe^cTaBjineT co6oh hhkji Hafl deyMH opGnTaMH rpynribi F = T 2 x Dg. KoHcpHrypauHH 
(T3 h (T4 nojiynaioTCH H3 <7i h <T2, cooTBeTCTBeHHo, o^Hoii h toh ace KOMGHHauHeii edema, 
noeopoma Ha 90°no nacoBoii CTpejixe h ompacHcenuji othochtcjibho BepTHKajiH. 

2.3.2 06 o6paTHMOCTH b ^HCKpeTHbix ^eTepMHHHCTHHecKHx CHCTeiwax. 

THHHHHaa ^HCKpeTHaa ^eTepMHHHCTHHecKaH cHCTeMa Heo6pamuMa. <J>a30Bbm nopTpeT 
TaKoii CHCTeMbi noxoxc Ha npe^cTaBjieHHbiH Ha Phc. 4. Mbi bh^hm, hto TaM hmciotch 
HecKOjibKO H30JiHpoBaHHbix h HecKOjibKO npe^ejibHbix hhkjiob 19 . B HenpepbiBHOM cjiy- 
nae mojkho b npHHH,Hne, yBejiHHHBaH tohhoctb onncaHHH, BoccTaHOBHTB npe^bicTopnio 
jno6ofi TpaeKTopHH, CTpeMHiHeiicH k npe^ejibHOMy HHKjiy, nocKOjibKy TOHKa KOHTHHy- 
yMa Mo>KeT co^epxcaTb noTeHiniajiBHo 6ecKOHeHHoe kojikhcctbo HHcpopMaHHH . B flnc- 
KpeTHOM cjiynae HHcpopMaHHH o coctohhhhx, b kotopbix 6bijia CHCTeMa flo nepexo^a Ha 
npe^ejiBHBiii hhkji, 6e3B03BpaTHo TepneTca. 3to o3HanaeT, hto no nponiecTBHH HeKo- 

TOpOrO BpeMeHH npe^ejIBHBie HHKJIbl CTaHOBHTCH CpH3HHeCKH HeOTJIHHHMBIMH OT H30JIH- 

poBaHHBix h ^HHaMKHecKan CHCTeMa Be^eT ce6a Kax o6paTHMan. Bo3mo>kho no^,o6HBie 
coo6pa>KeHHH MoryT 6biTB Hcnojib30BaHbi jjjth o6b.HCHeHHH HaGjiio^aeMOH oGpaTHMocTH 
cpyH^aMeHTajibHbix 3aKOHOB npnpoflbi. 

Hmchho c TaKHx no3HH,HH T. 't XoocpT b pHjj;e cbohx pa6oT (cm., HanpHMep, [17, 18]) 
nbiTaeTCH pa3peniHTb kohcpjihkt Meac/xy Heo6paTHMOCTbio rpaBHTaHHH (noTepa HHCpop- 
Man;HH Ha ropH30HTax nepHbix ^bip) h o6paTHMOCTbio (yHHTapHOCTbio) CTaH^apTHoil 
KBaHTOBoli MexaHHKH. LTo^xo^i; 't XoocpTa ocHOBaH Ha cjie/xyroiHiix npejxnojiojKeHHHx: 

^HeilOflBHJKHbie TOHKH MOJKHO CHHTaTb II,HKJiaMH eflHHHHHOH /JJIHHM. 
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• (pH3HnecKne CHCTeMM Ha MHKpocKoniiHecKHX (njiaHKOBCKiix) MacniTa6ax OnHCbl- 
BaioTca ducKpemHUMU cmenenfiMU ceo6odu; 

• coctohhhh 3THX CTeneHeft CBoGo/xbi o6pa3yioT nepeuHHUU (primordial) 6a3HC rnjib- 
6epTOBa npocTpaHCTBa (b kotopom 3a^aHa HeyHHTapHaa sbojuoithh); 

• nepBHHHbie coctohhhh o6pa3yioT kaciccu aKeueaAenmHocmu: /XBa coctohhhh sk- 
BHBajieHTHBi, ecjiH no HCTeneHHH HeKOToporo BpeMeHH ohh nepexo/XHT b ojxho h to 
ace cocroHHHe; 

• 3th Kjiaccbi 3KBHBajieHTHocTH no nocTpoeHHio o6pa3yioT 6a3Hc rnjibGepTOBa npo- 
cTpaHCTBa c yHHTapHofi sBOJirouHeft, onHCbreaeMoii oGpaTHMbiM bo BpeMeHH ypaB- 
HeHHeM IIIpe^HHrepa. 

B Hanieft TepMHHOjiorHH sto cooTBeTCTByeT nepexo/xy k npeflejibHbiM hhk jiaM . 3a ko- 
HeHHoe hhcjio niaroB no BpeMeHH cncTeMa nojiHocTbio "3a6biBaeT" cbok> "jj;onHKjioByio" 
npe^bicTopHio. 

Ecjih npHBe^eHHbie paccyjK^eHHH hmciot KaKoe-jin6o OTHonieHHe k (pH3HnecKOH pe- 
ajibHocTH, to HeoGpaTHMocTH Taxoro THna Bpnfl jih mojkho Ha6jno^,aTb 3KcnepHMeHTajiB- 
ho. CncTeMa, BepoarHO, jjpjixcHa npoBO/XHTb BHe HHKjia BpeMH nopnjxKa njiaHKOBCKoro, 
T.e. npHMepHO 10 -44 ceKyH^ti. Han6ojiee kopotkhh HHTepBaji BpeMeHH, cpHKCHpyeMbiii 
3KcnepHMeHTajiBHo b HacTOHinee BpeMH, paBeH npH6jiH3HTejiBHo 10 -18 ceKyH^bi hjih 10 26 

njiaHKOBCKHX eiXHHHIL 

3 KoHCTpyKTHBHoe onncaHHe KBaHTOBoro noBe^eHHa 

3tot pa3,n,eji ocHOBaH Ha paGoTax [42, 43, 44, 45, 46]. 

HanGojiee H3BecTHOH SMnnpHnecKOH fleMOHCTpanneii KBaHTOBoro noBe^eHHH cnHTa- 
eTCH deyxme/ieeou aKcnepuMenm. Ecjih npoBecTH /XByxmejieBOH 3KcnepnMeHT c 3apa- 
>KeHHbiMH nacTHn;aMH b ycTaHOBKe, cHa6>KeHHOH cojieHOHjj;oM, to mojkho Ha6jnojj;aTB adi- 
dienra AapoHoea-BoMa (Phc. 6), j^eMOHCTpnpyioinero pojib KajinGpoBonHbix cB33HocTeH 
b KBaHTOBofi MexaHHKe. 3apa>KeHHbie nacTHHbi JXBHxeyTCH b oGjiacTH, coj^epacameii njj;e- 
ajibHo 3KpaHHpoBaHHBiii tohkhh cojieHOH^,. HHTepcpepeHn;HOHHa5i KapraHa MeHHeTCH npn 
BKjnoneHHH cojieHOHjj;a, HecMOTpa Ha oTcyTCTBHe sjieKrpoMarHHTHbix chji, jj,eHCTByiom;Hx 
Ha nacTHHbi. 3cpcpeKT B03HHKaeT H3-3a Toro, hto pa6oTaioiirHH cojieHon^ co3/j;aeT Boxpyr 
ce6a U (1)-cbh3hoctb, HSMemnouxyio cpa3bi bojihobbix cpyHKUHH nacTHH,. 

,H,ji5i KBaHTOBaHHH jj;HHaMHHecKHx cHCTeM c HpocTpaHCTBeHHOH cTpyKTypofi HanGojiee 
ynoGeH cpenHMaHOBCKHn MeTo/j; HHTerpajioB no TpaeKTopnsiM [8], cpaKTHiecKH bo3hhk- 
ninit H3 H3yneHHH jjByxmejieBoro SKcnepHMenra 20 . CorjiacHO noixxoixy OenHMaHa aM- 
njiHTyzja KBaHTOBoro nepexojj;a CHCTeMbi H3 o/XHoro coctohhhh b jjpyroe BbiHHCJiaeTCH c 
noMombio cyMMnpoBaHHH aMnjiHTyn; Bjj;ojib Bcex bo3mojkhbix KjiaccnnecKHX TpaeKTopHft, 
coe/XHHinouiHX sth coctohhhh. AMnjiHTyjj;a bjj;ojib OTjj;ejibHOH TpaeKTopHH BbiHHCjraeTca 
KaK npoH3Bejj;eHHe aMnjiHTyn; nepexo/jpB Mexc/xy GjiHJKaiiniHMH nocjiejTpBaTejibHbiMH co- 
ctohhhhmh Ha TpaeKTopHH. A HMeHHo, aMnjiHTyn;a Bjj;ojib TpaeKTopHH npej^cTaBjiHeTCH 

20 H3BecTHO BbiCKa3biBaHHe P. OefiHMaHa o tom, hto "bch KBaHTOBaa MexaHHKa mojkct 6bitb HBBjieHeHa 
H3 TmaTejibHoro o6,n,yMMBaHHfl cjie,n,CTBHH o/i,Horo SToro 3KcnepHMeHTa". 



2<s 



SJieKTpOHbl 




HHTep(f>epeHii,n.fl 



^ByxmejieBoM Saptep 



9KpaH 



Phc. 6: 3(pcpeKT AapoHOBa-BoMa. HHTepcpepeHHHOHHaH KapTHHa c^BHraeTCH npn bkjho- 
neHHH cojieHOHfla HecMOTpa Ha oTcyTCTBHe sjieKTpoMarHHTHbix chji BHe cojieHOH^a. 



B BH^e SKCIIOHeHTBI OT ^eHCTBHS B^OJIb TpaeKTOpHH 
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U(l) 



Aq exp (iS) = A exp 




Ldt 



(3J 



OyHKUHH L, 3aBHCHinas: ot nepeux npou3eodnux coctohhhh no BpeMeHH, Ha3biBaeTca 
AaspanofcuaHOM. B ^HCKpeTHOM BpeMeHH 3KcnoHeHTa ot HHTerpajia nepexo^HT b npo- 
H3Be^eHHe: exp (i J Ldt) — > e^ - 1 . . . e lLt - 
npHHHMaeT BH,n; 



. . . e 



h BbipaaceHHe ^jih aMnjiHTyribi 
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U(l) 



A e 



iLo, 



J.Ln 



CoMHOJKHTejIH fJ>t-l,t = e 3TOTO npOH3Be^eHHH npe^CTaBJIHIOT Co6ofl SJieMeHTBI 

C6H3H0CmU CO 3HaHeHHHMH B odHOMepHOM yHHTapHOM npe^CTaBJieHHH U (1) OKpyjKHO- 

cth, t. e. KOMMyTaTHBHoli rpyrmti JIh r = S 1 = R/Z, HBjiHioineHCH b ^,aHHOM cnynae 
rpynnoft BHyTpeHHHX cnMMeTpnn. B cootb6tctbhh c HaniHM B3rjiH^;oM Ha KBaHTOBoe 
noBe^eHHe sto npe^nojiaraeT HajiHnne HexoToporo MHOJKecTBa E Jiona/ibHux coctohhhh 
Ha kotopom flettcTByeT rpynna JIh S 1 , a ee npe,n;cTaBjieHHe U (1) ^eflcTByeT Ha jiHHefiHOM 
npocTpaHCTBe (b ^aHHOM cnynae C) aMUAumyd coctohhhh H3 S. /Iajiee npn o6cy>K^;eHHH 
KBaHTOBoro noBe^eHHH c o6men tohkh 3peHHS mbi yTOHHHM CBH3B MeJK^y coctohhhhmh 
h hx aMnjiHTynaMH , T.e. hhcjiobbimh BecaMH, npHnncbiBaeMbiMH coctohhhhm. 3^ecb, KaK 
o6bihho, aMnjiHTyzrbi Ha KOTopbix ^eficTByeT npe^cTaBjieHHe U (1) (h, cooTBeTCTBeHHO, 
coctohhhh Ha KOTopbix ^eficTByeT S l ) HeHa6jno^aeMbi, a HaGjuo^aeMbi TojibKo HHBapnaH- 
Tbi 3thx ^eficTBHH. HenpeptiBHon BepcHeit Toro, hto ajieMeHTbi cbh3hocth onpe^ejieHbi 
Ha napax coctohhhh, cooTBeTCTByroiHHx HanajiBHOMy h KOHenHOMy MOMeHTaM HHTepBajia 
BpeMeHH, T.e. Ha pe6pax a6cTpaKTHoro rpacpa 21 , HBjiaeTCH 3aBHCHMocTb jiarpaHxaiaHa 
ot nepBbix npoH3BO^Hbix no BpeMeHH. 



21 HanoMHiiM, hto onpe^ejieHHe cbh3hocth xax cpyHKiniH Ha napax tohck Heo6xo,n,HMO pflS- o6ecnene- 

HI3 HeTpHBHajIbHOCTH CBH3HOCTH. 
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EcTecTBeHHoe o6o6meHne B03HHKaeT H3 npeflnojioxcemiii, hto rpynna T He 0633a- 
TejibHo oKpy>KHocTb h hto ee yHHTapHoe npe^cTaBjieHHe p (r) He o6s3aTejiBHo oflHOMep- 
ho. B 3tom cjiynae aMnjiHTyn;a npe/j,CTaBji5ieT coGoft MHoroKOMnoHeHTHBiii BeKTop, hto 
yn;o6HO fljis onncaHHa: nacTHii; c Gojiee cjiojkho ycTpoeHHBiMH BHyTpeHHHMH CTenemiMH 
cBo6oflbi. 3HaneHHe Taicon MHoroKOMnoHeHTHoft aMnjiHTyznj Ha TpaeKTopnH npHHHMaeT 

22 

A P {T) = p{ot T ,T-i) ■ ■ .p(a t ,t-i) ■ ■ .p(a lt0 )A Q , a^t-i £ T. (39) 

B cooTBeTCTBHH c Haineii H^eojiorHelt mm 6yn;eM npe^nojiaraTB, hto T — KOHenHas: rpyn- 
na. B 3tom cjiynae HeT Heo6xo^HMocTn 3a6oTHTbCH 06 yHHTapHocrn, nocKOJibKy jiHHeii- 
Hbie npe^CTaBjieHHH KOHenHbix rpynn aBTOMaTHnecKH yHHTapHBi. 5Icho, hto CTaH^apT- 
Hoe KBaHTOBaHne (38) mojkho annpoKCHMnpoBaTB c noMomtio oflHOMepHbix npeflCTaB- 
jieHHii KOHenHBix n,HKjiHnecKHX rpynn ^c-CTaTOHHO Gojibinoro nepno^a. 

IIpaBHjia OeiiHMaHa, ccpopMyjinpoBaHHtie b a6cTpaKTHoii cpopMe, cpaKTHnecKH cob- 
na^aiOT c npaBHjiaMH yMHoaceHHH MaTpnii. CorjiacHO npaBHjiaM OeftHMaHa, fljia Toro, 
hto6m nojiynHTB aMnjiHTyzry nepexo^a H3 OflHoro coctohhhh b iipyroe, Heo6xo^HMO co- 

e^HHHTb 3TH COCTOHHHH BCeMH B03MOJKHMMH TpaeKTOpHHMH, nepeMHOJKHTb aMnjIHTyZTM 

Bppjib 3thx TpaeKTopnii n cyMMnpoBaTb nojiyneHHbie npon3Be^i;eHHH. CoBnaflemie sthx 
HHCTpyKHHH c npaBHjiaMH yMHOJKeHHH MaTpnu; OHeBHIXHO H3 HjijiiocTpaHHH Ha KOTopoil 
jjBa niara sbojiiohhh KBaHTOBoii CHCTeMM c /XByMH coctohhhhmh ("oiiHOKy6HTHMH pe- 
thctp") npejj;cTaBjieHBi napajiJiejibHO b cpeftHMaHOBCKOH h MaTpHHHoii cpopMax: 




B COOTBeTCTBHH C (peHHMaHOBCKHMH npaBHjiaMH nepeXOfl, CKaJKeM, H3 COCTOHHHS 02 B 

ipi onpeflejiaeTca cyMMofl no flfijM nyTHM &11CZ12 + &i2fl22- Ho sto yae BbipaxceHne hb- 
jiaeTCH sjieMeHTOM U\2 npoH3Beji;eHHH MaTpnu, U = BA. 06uxhh cjiynaii npoH3BojibHoro 

HHCJia COCTOHHHH H npOH3BOJIbHOTO HHCJia HiarOB no BpeMeHH JierKO BMBOJXHTCH H3 3TOTO 

sjieMeHTapHoro npnMepa MaTeMaTHnecKofi HH/xyKirHeii no yKa3aHHMM nncjiaM. 

B cjiynae HeKOMMyraTHBHOH cbh3hocth cpopMyjia (39) cooTBeTCTByeT Hea6ejieBoii Ka- 
jih6pobohhoh TeopHH. IIpHBeji;eHHoe Bbinie paccyxcfleHHe o cootb6tctbhh cpenHMaHOBCKo- 

TO KBaHTOBaHHH MaTpHHHOMy yMHOJKeHHK) 3fleCb TaKJKe npHMeHHMO. HaM J^OCTaTOHHO 
JIHHIb TpaKTOBaTb SBOJIIOHHOHHbie MaTpHHM A, B R U KaK GjIOHHbie MaTpHHM C HeKOM- 
MyTaTHBHMMH 3 JieMeHTaMH , HBJI5HOHTHMHCH MaTpHUaMH H3 npeJTCTaBJieHHH p(T). 

22 B HeKOMMyTRTiiBHOM cjiynae BasKHO co6jiioflaTb nopaflOK onepaTopoB, corjiacoBaHHtifi b flaHHOM 
cjiynae c Tpafliin,Heii niicaTb MaTpnn,bi cjieBa ot BeKTopoB. 
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IIpe^cTaBjieHHe M&TpniHoro yMHOJKeHiui cpeiiHMaHOBCKHMH npaBHjiaMH: u nepeMHO- 
Mcumb nocjiedoeame/ibHue co6umuR n h " cyMMupoeamb a/ibmepHamueHue ucmopuu", 
npHro^HO rjik MaTpnn; c npoH3BOjibHbiMH 3 jieMeHTaMH . B oGbihhoh (popMyjnipoBKe cpen- 
HMaHOBCKoro KBaHTOBaHHii 3jieMeHTBi MaTpim HMeioT oneHb cneHHajibHbiH bh^i,. A HMeH- 
ho, Bee ajieMeHTBi MaTpHu,Bi npeflCTaBjiaioT co6oii KOMnjieKCHbie HHona e lLdt , paBHBie no 
Mo^yjiio e^HHHU,e. 3th HHCJia mojkho iiHTepnpeTupoBaTB KaK KOHTHHyajibHbie aHajiorn 
KopHeti H3 e,n,HHHu,Bi. To hto ohh He MoryT o6pain;aTBC5i b HyjiB, o3HanaeT, hto HeB03- 
mojkho peajiH30BaTB CHCTeMBi, b KOTopBix 3anperrj;eHbi nepexo^bi Mexc^y HeKOTopbiMH 
coctohhhhmh — HarrpHMep, Me>K^;y coctohhhhmh b ^ajiexo otctojhhhx APy r OT APY ra 
TOHKax npocTpaHCTBa. Bojiee Toro, Bbina^aeT BajKHbifi cjiynafi TpuBnajiBHoii rpynnti 
BHyTpeHHHX CHMMeTpHfi T = {1}. B 3tom cnynae KBaHTOBaa sbojhohhh onHCbmaeTca 
MaTpnuaMH nepecTaHOBOK. MaTpHH,a nepecTaHOBOK pa3Mepa n x n co^epacHT n e^HHHii; 
h n 2 — n Hyjiefi. Hynb, pa3yMeeTca, HeB03MOJKHO npe^cTaBHTb SKcnoHeHToii KaKoro-jiH6o 
HHCJia. 

H3yneHHe KBaHTOBoro noBe^eHHH ^HCKpeTHbix ,zrHHaMHHecKHx cncTeM c npocTpaH- 
CTBeHHoii CTpyKTypofi KOM6HHaTopHO Tpy^Haa sa^ana. IIocTpoeHHe cooTBeTCTByroiHHX 
Mo^ejiefl cymecTBeHHo 3aBHCHT ot pa^a ,n;onyrrj;eHHH, KOTopbie Heo6xo^HMo HajioxcHTb 
Ha cTpyKTypy npocTpaHCTBa h cBoiicTBa KBaHTOBbix nepexo^oB, hto6bi c^ejiaTb Mo^ejib 
no^aroineHCH H3yHeHHio. 0^;hh H3 no^xo^oB k nocrpoeHHio KBaHTOBbix Mo^ejieft Ha 
^HCKpeTHbix npocTpaHCTBax, onncaH b ITpHjiojKeHHH C. KBaHTOBbie nepexo^bi b sthx 
Mo^ejiax onpe^ejieHbi jioKajibHO, a hmchho, Ha OKpecTHOCTHX peryjiapHbix rpacpoB, hto 
^ejiaeT hx b onpe^ejieHHOM cMbicjie hoxojkhmh Ha KjieTOHHbie aBTOMaTbi. 

J\ajiee mm 6yn;eM paccMaTpHBaTb npo6jieMy KBaHTOBoro noBe^eHHH ^HcxpeTHbix ch- 
CTeM b o6meM BH^e, T.e. HrHopnpya: B03MO)KHoe Hajinnne npocTpaHCTBa b CTpyKType 
nojiHoro MHOJKecTBa coctohhhh. 3aMeTHM, hto cymecTByeT MHoro <pH3HHecKHx npo6jieM, 
HanpHMep, KBaHTOBbie bmhhc JieHHH , fljia KOTopbix BbmejieHHe b MHOJKecTBe coctohhhh 
KaKoii-jiH6o npocTpaHCTBeHHoii cTpyKTypbi HecymecTBeHHo. 

3.1 KBaHTOBaHHe flHCKpeTHHX CHCTeM 

TaKHM o6pa30M, mbi 6yneM npH^;ep>KHBaTbCH Tpa^HHHOHHoii cpopMyjinpoBKH KBaHTO- 
boh MexaHHKH, b KOTopofi sbojhohhh KBaHTOBofl ^HHaMHHecKofi CHCTeMBi H3 HanajibHoro 
coctoshhs b KOHeHHoe onHCbiBaeTCH Mampui^eu seojimyuu U: j^o) — ► I^t) = U\ipo). 
MaTpHu;a sbojhohhh MoxceT 6biTb npe^cTaBjieHa b BH^e npoH3Be,neHHH MaTpHib cooTBeT- 
CTByroniHx sjieMeHTapHbiM BpeMemibiM maraM: U = Ut*-t-i ■ ■ • Ua-t-i ' ' ' ^i«-o- 

3.1.1 CTaH^apTHaa h "KOHenHaa" BepcHH KBaHTOBofl MexaHHKH 

^Jia 6ojiee cpopMajibHoro o6ocHOBaHHH 3aKOHHocTH 3aMeHbi b (pH3HnecKHx 3a^;aHax 6ec- 
KOHeHHbix rpynn KOHeHHbiMH mojkho Bocnojib30BaTbCH noHHTHeM (pHHHTHOH annpoK- 
CHMHpyeMOCTH. (BecKOHeHHaa) rpynna G Ha3biBaeTCH (fiuHurrmo annpoKCUMupyeMou 23 
[50] , ecjiH fljis KajK^oro ee 3jieMeHTa g ^ 1 cymecTByeT TaKoii roMOMopcpH3M : G — > H 
b KoneHHyto rpynny H, hto 4>(g) ^ 1. 3to 03HaHaeT, hto jno6bie cooTHonieHHH Me>K^;y 

23 B aHrjioasbiHHOii jiiiTepaType Hcnojib3yeTCH TepMHH residually finite, em,e 6ojiee no^epKiiBaiomHii 
"KOHe^iHMit" acneKT TaKHx rpynn. 
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ajieMeHTaMH rpynnbi G mojkho cMo^ejinpoBaTb cooTHoineHHHMH MejK^y 3jieMeHTaMH ko- 
HeHHofl rpynnbi. 3^ecb HMeeTcs aHajiornH c ninpoKo ncnojib3yeMMM b cpH3HKe npneMOM, 
Kor^a fljia peineHHH HeKOTopoii sa^ann GecKOHenHoe npocTpaHCTBo 3aMeHaeTca, Hanpn- 
Mep, TopoM pa3Mep KOToporo ^ocTaToneH rjik Toro, hto6m bmccthtb ^aHHBie aa^anH. 
Ha npaKTHKe Bee KOHCTpyKTHBHBie GecKOHenHbie rpynnbi, ncnojib3yeMbie b <pH3HKe , hb- 
jijiiotch cpHHHTHO annpoKCHMHpyeMbiMH. TnnnnHbiM npnMepoM cphhhtho annpoKCHMH- 
pyeMoii rpynnbi HBjiaeTca: nonyjiapHaa: b TeopeTnnecKon <pH3HK6 spynna koc. CorjiacHO 
CTaH^apTHoii KOHCTpyKirnn [58] rpynna koc c n hhthmh B n nopoac^aeTCH o6pa3yioinHMH 
bi, ... , 6 n _i, ynoBjieTBopjnomnMH cooTHonieHHHM: 

bib i+ ibi = b i+ ibibi + i, i — 1, . . . , n — 1 — ypaenenue flma-BaKcmepa, (40) 
bibj = bjbi, \i — j\ > 2 - daAbHRR KOMMymamueHocmb. (41) 

SaMeTHM, hto rpynna koc HBjiHeTca GjinacaflninM GecKOHenHbiM "po^CTBeHHHKOM" rpyn- 
nbi nepecTaHOBOK: rpynna nepecTaHOBOK S n nojiynaeTca H3 B n , ecjin k (40) n (41) ^;o- 
6aBHTb cooTHonieHna bf = 1. 

06paTHMC3 Tenepb k yHHTapHbiM rpynnaM, nrpaiomnM neHTpajibHyio pojib b KBaH- 
toboh cpH3HKe. 3^;ecb, nocKOJibKy mm HannHaeM c KOHTHHyyMa, TpeGyeTca ^Ba niara fljia 
nepexo^a ot 6ecKOHenHoro k KOHenHOMy: 

1. H3 Teopnn KBaHTOBbix BbinncjieHnn [55] H3BecTHO, hto cymecTByioT yHHBepcajib- 
Hbie KOHenHbie Ha6opbi yHHTapHbix onepaTopoB, Ha3biBaeMbix KeanmoeuMU een- 
muAHMU, c noMombio KOTopbix mojkho nopojK^aTb MHo>KecTBa onepaTopoB, Bcio^y 
njioTHbix b MHOJKecTBe Bcex yHHTapHbix onepaTopoB, ^eHCTByioinnx b cooTBeTCTBy- 
loineM rHjib6epTOBOM npocTpaHCTBe. KBaHTOBbie bchthjih ^eficTByioT b rnjib6epTO- 
bbix npocTpaHCTBax HeGojibinnx (pHKcnpoBaHHbix pa3MepHOCTefi (o^HOKy6HTHbie, 
^ByxKyGnTHbie n T.fl. bchthjih), ho H3 hhx mojkho nocTponTb KOHenHbie Ha6opbi 
yHHTapHbix MaTpnii, ^encTByiorrj;HX b rHjib6epTOBbix npocTpaHCTBax npoH3BOJib- 
hoh pa3MepHocTH. 3th MaTpnnbi mojkho paccMaTpHBaTb KaK o6pa3yK>uiHe kohch- 
ho nopojK^eHHoii rpynnbi, KOTopan annpoKCHMHpyeT c npoH3BOJibHoii TOHHOCTbio 
(njiorao BKjia^biBaeTCH b) o6uxyio yHHTapHyio rpynny 

2. CorjiacHO TeopeMe A.H. MajibneBa [51], BCHKan kohchho nopoac^eHHan rpynna 
MaTpnn, Ha,n; (jik>6mm) nojieM (ftuHumno annponcuMupyeMa. 

TaKHM o6pa30M, yHHTapHbie rpynnbi mojkho 3aMeHHTb KOHenHbiMH 6e30 BCHKoro ym;ep6a 

^IJIH (|)H3HKH KaK SMmipHHeCKOH HayKH. 

,H,JI5I TOrO, HTo6bI BOCnpOH3BeCTH KBaHTOByiO MexaHHKy B KOHCTpyKTHBHOH "KOHen- 

hoh" nocTaHOBKe mm 6yneM npH^epjKHBaTbca npnHirnna OKKaMa: bbo^htb HOBbie 3Jie- 
MeHTM onncaHHii TOjibKO ecjin ohh fleficTBHTejibHO Heo6xo^HMM. IlpHBe^eM cpaBHeHHe 

OCHOBHMX SJieMeHTOB CTaH^apTHOH KBaHTOBOH MexaHHKH C HX KOHCTpyKTHBHMMH aHa- 

jioraMH. 

1. (a) CTaH^apTHan KBaHTOBaa: MexaHHKa HMeeT ,n;ejio c ynumapHUMU onepamopa- 
mu U, ^eHCTByioiniiMH b suAb6epmoeoM npocmpancmee H n&p, nojieM kom- 
njieKCHMx HHceji C. 3jieMeHTM G "H 3Toro npocTpaHCTBa Ha3MBaioTC2 
" cocmojmufiMu" , " eenmopaMU cocmofiHuu" , " eoAHoeuMU cfiyHKyuJiMu" , "a,M- 
ruiumydaMu" h t. fl. OnepaTopbi U hbjihiotch sjieMeHTaMH o6m;eH yHHTapHoii 
rpynnbi Aut (H), ^eftcTByioineH b "H. 
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(b) B "KOHeHHoii" KBaHTOBofi MexaHHKe 24 rHjib6epTOBo npocTpaHCTBo Ha,n; no- 
jieM C 3aMeHseTca K-MepHbiM rHjib6epTOBbiM npocTpaHCTBOM Hafl a6e- 
JieeuM nucAoeuM uoacm T — pacniHpeHHeM paiiHOHajibHbrx HHceji Q c a6e- 
Aeeou epynnou FaAya [61]. OnepaTopbi U ripHHa^jie>KaT Tenepb yHiiTapHOMy 
npe^CTaBjieHHio U b npocTpaHCTBe "Hk HeKOTopoft kohchhou spynnu G = 
{gi, . . . , gw\}. Hone J 7 onpe^ejiaeTCH cTpyKTypoft rpynnbi G h ee npe^cTaBjie- 
hh6m U. OaKTHHecKH, nojie J 7 npe^cTaBjiHeT co6oh MunuMdAbHoe pacmupe- 
nue HamypaAbHux nuceA, npuMemiMoe ,h,jis onncaHHH KBaHTOBoro noBe^eHHa. 

2. B o6eHX Bepcnax KBaHTOBofi MexaHHKH KBaHTOBbie Hacmuu,u accoHHHpyioTcs: c 
ynumapHUMU npedcmaeAeHURMU onpe^ejieHHbix rpynn chmmctphh . npe^cTaBjie- 
hhh, b cooTBeTCTBHH c hx pa3MepHocTSMH, Ha3biBaioTC5i " cumjiemaMu" , " dy6Ae- 
maMu", " mpuruiemaMu" h t. fl. MHoroMepHbie npe^CTaBjieHna, b nacTHOCTH, onn- 
cbiBaioT cnun. 

3. KBaHTOBaa aeoAwyua onncbiBaeTCH yHHTapHbiM npeo6pa30BaHHeM nauaAbHozo BeK- 

TOpa COCTOHHHH \lpi n ) B KOHeHHUU \lpout) = U \lpi n ) ■ 

(a) B cTaH^apTHofi KBaHTOBoii MexaHHKe ajieMeHTapHbiii mar sbojhohhh b Henpe- 
pbiBHOM BpeMeHH onHCbiBaeTCH ypaenenueM Ulpedumepa 



rp,e H — apMumoe onepaTop, Ha3biBaeMbiii onepamopoM anepzuu hjih eaMUAb- 
moHuanoM. 

(b) B kohchhoh KBaHTOBofi MexaHHKe HMeeTCH jinnib KOHenHoe hhcjio bo3mojkhbix 

3BOJHOHHH: 



BBIHHCJIHeMbie K03(p(pHHHeHTbI 25 . 

4. B oGenx BepcHHx KBaHTOBofi MexaHHKH KBaHTOBo-MexaHHHecKHH 3KcnepuMewm 
(Ha6AiodeHue, u U3MepeHUe" 26 ) cbo^htch k cpaBHeHHio coctohhhh cucmeMU 
c cocTOHHHeM npuBopa (annapama) \4>). 

24 TepMHH "KoneHHaa kbrhtobrs mcxrhhkr' 5 iicnojib3yeTCH b jiHTepaType b cymecTBeHHO flpyroM cmbic- 
jie. Tax Ha3biBaiOT HanpaBjieHiie (cm., HanpiiMep, [2, 9, 10]), B03HHKniee H3 npefljiCBKemiH T. Beftjia [65] 

3aMeHHTb B KBaHTOBOH MexaHIIKG Cpa30BOe npOCTpaHCTBO (j), q) KOHeHHBIM flHCKpeTHMM TOpOM. Mbl 

HcnojiB3yeM 3fleci> stot TepMHH 3a HeiiMemieM ,npyroro ^ocTaTOHHO KpaTKoro h ocMbicjieHnoro. 

25 3th K03(pcpHn,HeHTbi coflepjKaT neajize6pauuecKuu sjieMeHT, hmchho, hiicjio tt, npeflCTaBjisromee 
co6oii 6ecK<meuHyw cyMMy ajieMeHTOB H3 J- . Hhbimh cjiOBaMH, Afc — ajieMeHTbi mpancvfindeHmnozo pac- 
mupenusi nana J- . JIorapiicpMHHecKafl cpyHKLpia HBjiaeTCH cymecTBeHHO KOHCTpyKupeii 113 HenpepbiBHOii 
MaTeMaTHKH, HMeiomeii flejio c aKTyajibHMMii 6ecKOHeHHOCTHMii. 

26 HaHMeHee yuaHHBift TepMHH, nocKOjibKy KBaHTOBO-MexaHinecKiie " u3Mepenuji" (paKTH^ecKH cbo- 
/i,aTca k noflc^eTy nncjia HeKOToptix co6bithh. 
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5. 



B oGenx BepcHHX KBaHTOBoii MexamiKH, b cooTBeTCTBnn c npaeuAOM Bopna, Bepo- 
hthoctb 3aperHCTpHpoBaTB nacrairy, onncBreaeMyio cocToamieM \vp) annapaTOM, 
HacTpoeHHBiM Ha cocTOHHue paBHa 



P(0,^) 



1(0 I ^)| 2 



(42) 



(010) u>\ii>y 



O^HaKo KOHeiHoii KBaHTOBoii MexaHHKH TpeGyeTca onpe^ejieHHoe KOHv^enmy- 
(XAbHoe ymoHHenue. B "KOHenHOM" KOHTexcTe e^HHCTBeHHon ocMBicjieHHoii HHTep- 
npeTannen BepoHTHOcrn mojkct 6bitb jihuib HacmomnaH UHmepnpemayufi: Bepo- 

HTHOCTB — 3TO OTHOBieHHe HHCJia BudeAeHHUX KOM6nHanHH SJieMeHTOB CHCTeMBI 

k nojiHOMy nncjry paccMaTpiiBaeMBix KOM6nHannn . IIocKOJiBKy mbi HMeeM ,n;ejio c 
KOM6nHan;HaMH 3jieMeHTOB KOHenHBix MHOJKecTB, mbi oxKH^aeM, hto, ecjiH Bee op- 
raHH30BaHo npaBHjiBHo , cpopMyjia (42) ^;oji>KHa BBinaBaTB pau,uoHaAt>Hue hucjicl. 
Mbi 6ya;eM ncnojiB30BaTB sto b ^ajiBHenmnx nocTpoeHnax b KanecTBe o^Horo H3 
Be^ryrnnx npHHirnnoB. 

6. KBaHTOBBie Ha6jiK>daeMue onncBmaiorcH spMumoeuMU onepamopaMU b rnjiB6ep- 
tobbix npocTpaHCTBax. B KOHeHHoft KBaHTOBoii MexaHHKe 3th onepaTopBi MOJKHO 
BBipa3iiTB Kax sjieMeHTBi npe^cTaBjieHna spynnoeou a,Ase6pu 



Pa3yMeeTca, Tpe6oBaHHe spmhtobocth mojkct HajioJKHTB onpe^ejieHHBie orpam-i- 

HeHHH Ha KOSCpCpHHHeHTBI 
SaMeTHM, HTO OCTajIBHBie SJieMeHTBI KOHeHHOH KBaHTOBOH TeopHH nOJiyHaiOTCH H3 CTaH- 

flapTHofi npocTBiM nepenHCBmaHHeM. HanpHMep, Kax xoponio H3BecTHO, npunv^un neon- 
pedeAenHocmu Teu3eH6ep2a cjie^yeT H3 Hepaeencmea Komu (-ByHHKOBCKoro-IIlBapn,a) 



cnpaBe^jiHBoro ^jih jiio6bix rHjiB6epTOBBix npocTpaHCTB Ha,n; jiio6bimh nojisMH. OneBH^i;- 

HO, HTO HepaBeHCTBO KOHIH 3KBHBajI6HTHO CTaH^apTHOMy CBOHCTBy JHo6oft BepOHTHOCTH 



3.1.2 IlepecTaHOBKH, npeflCTaBJiemia h HHCJia 

Bee MHOJKecTBa, Ha kotopbix KOHeHHaji rpynna G = {gi,. . -,givi} AencTByeT TpaH3HTHB- 
ho, mojkho jierxo onncaTB [12]. JIioGoe Taxoe MHoacecTBO Q = {oo\,. . ., cun} Haxo^HTCH 

BO B3aHMHO O^HOSHaHHOM COOTBeTCTBHH C MHOJKeCTBOM (npCL6UX H\G HJIH AeBUX G / H) 

CMe>KHBix KjiaccoB no HeKOTopofi no^rpynne H < G. MHoacecTBO Q Ha3BiBaeTca odno- 
podnuM npocmpaHcmeoM rpynnBi G (hjih, KpaTKO, G-npocmpaHcmeoM) . ,HeHCTBHe G Ha 
Q aBjiaeTca itiohhum, ecjin no^rpynna H He co^epjKHT HopMajiBHBix no^rpynn rpynnBi 
G. Mbi MOJKeM 3anncaTB ^encTBne b BH^e nepecTaHOBOK 



M 



A = «fcU (g fc ) . 



k=l 



(Aip | Aip) (Bip | Brf}) > \(Aip \ B^))\ 2 , 



P(Aip,Bip) < 1. 





N. 



(43) 
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HJIH, 3KBHBajieHTHO, B BH^e MaTpHII, COCTOHUIHX H3 HyjieH H eflHHHII, 



tt(<7) P(<?) = (P(y) fi ) , me ¥{g) l0 = 5 t 



ujig,ujj i 



i,j 1 N. 



(44) 



3^ecB 5 Q>y g o3HanaeT ^ejitTy KpoHexepa Ha MHOJKecTBe Q. 0To6pa>KeHHe (44) Ha3BiBaeTca 
nepecmanoeoHHUM npedcmaeAenueM. 

MaKCHMajIBHOe TpaH3HTHBHOe MHOJKeCTBO Q SKBHBajieHTHO MHOJKeCTBy 3JieMeHTOB 

caMofl rpynnBi G, T.e. MHOJKecTBy CMeJKHBix KjiaccoB no TpiiBnajiBHoii noflrpynne H = 
{1}. CooTBeTCTByioiirHe ,n;eHCTBHe h MaTpHHHoe npe^cTaBjieHHe Ha3BiBaioTCH pesyAJip- 
humu. O^Ha H3 ueHTpajiBHBix TeopeM TeopHH npeflCTaBjieHHii (cm. IipHjiojKeHHe D) 
yTBep>K^;aeT, hto A7o6oe nenpueoduMoe npedcmaeJieHue kohchhou spynnu codepcncum- 
cr e pezyAfipnoM npedcmaeAenuu. 

IIpe^cTaBjieHHe (44) HMeeT cmbicji Ha^ jnoGoft hhcjioboh cHCTeMoii, co^epjKaineii h 
1. HanGojiee ecTecTBeHHoft CHCTeMoft nnceji SBjiaeTcs noAynoAbyo namypaAbHux uuceji 
N = {0,1,2,...}. C noMomBio SToro nojiyKOJiBH,a mojkho CHa6^HTB sjieMeHTBi MHOJKe- 
CTBa Q cnemHUKaMU, HHTepnpeTHpyn hx k&k "Kparrmocmu exootcdenusi" (hjih "hucao, 
3anoAHeHUfi n ) sjieMeHTOB Ui b cocTOHHHe chctcmbi, co^epjKaineH 3th 3ji6M6htbi. 3to co- 

CTOHHHe MOJKHO 3aiIHCaTB B BH^e BeKTOpa C HaTypajTBHBIMH KOMIIOHeHTaMH 



TaKHM o6pa30M, mbi npHxo^HM k npe^cTaBjieHHio rpynnBi G b N-MepHOM ModyAe Hn Hafl 
nojiyKOJiBnpM N. ,H,eHCTBHe (44) Ha BeKTope (45) cbo^htcs nonpocTy k nepecTaHOBKe 
ero KOMiioHeHT. ,H\jis flajiBHettniHx n,ejieH HaM HeoGxo^HMo npeBpaTHTB Mo^yjiB b N- 
MepHoe rHjiB6epTOBO npocTpaHCTBO "Hn pacninpHB nojiyKOJiBnp N ,n;o KaKoro-JinGo nojin. 

Ochobhbim nojieM b TeopHH npe^cTaBjieHHH (h, cjie^oBaTejiBHo, b KBaHTOBon Mexa- 
HHKe) HBjiHeTCH nojie KOMnjieKCHBix HHceji C . IIphhhhoh Taxoro BBi6opa HBjiHeTCH ajire6- 
pannecKaa: 3aMKHyTOCTB nojia C , 03HanaioiiraH, b nacTHOCTH, hto He mojkct B03HHKHyTB 
HHKaKHX npoGjieM npn penieHnn xapaKTepncTHnecKnx ypaBHeHHfi n, cjie^oBaTejiBHO, bo 
Been jiHHeftHOH ajire6pe. TeM He MeHee, nojie C npe3MepHO Bejinxo — 6ojibihhhctbo ero 
3jieMeHTOB HeKOHCTpyKTHBHBi h nosTOMy 6ecnojie3HBi b npnjiojKeHHHX k SMnnpHnecKoii 
peajiBHocTH. TaKHM o6pa30M, cjie^yeT paccMOTpeTB cnTyainno Gojiee TrnaTejiBHo . 

IlpejK^e Bcero HaM HeT HeoGxo^HMocTH pernaTB npou360M>Hue xapaKTepncTHnecKne 
ypaBHeHHH: jno6oe jiHHeiiHoe npe^cTaBjieHHe HBjiaeTCH no^npe^cTaBjieHHeM HeKOToporo 
nepecTaHOBOHHoro npe^cTaBjieHHH, a Bee co6cTBeHHBie 3HaneHHH nocjie^Hero hbjihiot- 
ch KopHRMU U3 edunuyu. 3to bh^ho H3 jierxo BBiHHCJiHeMoro xapaKmepucmuHecKOSo 
noAUHOMa MaTpnuBi nepecTaHOBOK (44) 



r,n;e ki — hhcjio hhkjiob ^jihhbi % b nepecTaHOBKe (43). J\jisi oGecne Hernia yHHTapHOCTH 
npe^cTaBjieHHH b KanecTBe HopMnpyromiix KoscpcpHirneHTOB HcnojiB3yioTCH Keadpamnue 
Kopnu hx pa3MepHocTeii. Ha caMOM ^ejie, Hppan,noHajiBHocTH o6ohx thtiob, T.e. xop- 
hh H3 e^HHni^Bi h KBa^paTHBie KopHH H3 nejiBix HHceji HMeioT o^HHaKOByio npHpo^y 

- BCe OHH HBJIHIOTCH yUKAOmOMUHeCKUMU l^eAUMU, T.e. I^ejIOHHCJieHHBIMH JIHHeHHBIMH 



(ni\ 



n) 



(45) 



XHg) (A) = det (P(g) - AX) = (A - l) fel (A 2 - l)' 2 • ■ • (A" - l) fc " , 
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KO]vi6iiHan;H5iMH KopHefi H3 eflHHHHM. Hcnojib3ys cTaH^apTHbie TOJK,n,e ctb a rjisi KopHeii 
H3 e^HHHipji, oTpnij;aTejibHL»ie KosdicpHHHeHTbi b ijHKjioTOMHHecKHx uejiMx Bcer,n;a MOJK- 

HO 3aMeHHTB no JIOvKHTejIbHMMH . TaKHM o6pa30M, H3HaHajIbHMMH SJieMeHTaMH HHCJIOBOH 
CHCTeMBI, KOTOpyiO MM Co6lipaeMC5I nOCTpOHTB HBJIHIOTCH HamypOAbHUe HUCAa H JIHHeH- 

Hbie KOM6HHau;HH c HaTypajiBHbiMH KoscpcpnuneHTaMH Kopneu U3 edunuyu HeKOTopon 
CTeneHH V, saBHCHineii ot CTpyKTypti rpynnbi G. Bee ocTajibHoe ctpohtch c noMombio 
coBepineHHo cpopMajibHbix MaTeMaTHnecKHx npoH,e,zryp. CTeneHb V b MaTeMaTHnecKoii 
jiHTepaType o6mhho Ha3MBaeTCH KOHdynmopoM. B o6meM cnynae KOH^yKTop HBjiaeTCJi 
KpaTHMM sKcnoHemnu rpynnbi, KOTopaa onpe^ejiaeTca KaK HaHMeHbinee o6mee Kparaoe 
nopH^KOB sjieMeHTOB rpynnbi G. 

C noMombio Jiio6oro Ha6opa nHKjioTOMHHecKHX uejibix mojkho nocTponTb HeKOTopoe 
a6eAeeo nucAoeoe noAe J 7 , co,zi,ep:>Kainee Bee sjieMeHTM SToro Ha6opa. B nacTHOCTH, mh- 
HHMajibHoe a6ejieBO nncjioBoe nojie, coflepacanjee 3a^aHHoe mhojkcctbo HppannoHajib- 
HOCTen, mojkho BbinncjiHTb c noMombio cncTeMM KOMnbioTepHon ajire6pbi GAP [11]. 
KoMaH^a Field (gens) stoPl cncTeMM B03BpamaeT HanMeHbniee nojie, coflepxeamee Bee 
3jieMeHTM H3 cnncKa nppan,HOHajibHOCTen gens . TeopeMa KpoHeKepa-Be6epa yTBepac^a- 
eT, hto jno6oe a6ejieBo (b nacTHocTH, KBaflparanHoe) pacninpeHne pannoHajibHbix nnceji 
HBjiaeTCH no,a,nojieM HeKOToporo yuKAomoMuuecKozo uoah. 

OcTaHOBHMca no,npo6Hee Ha KOHCTpyKnnn nHKjioTOMHnecKHx nojieii. KopneM U3 edu- 
nuyu V-Pl CTeneHH Ha3MBaeTca jnoGoe penieHHe yuKAomoMunecKoeo ypaenenufi r v — 1. 
J1io6oh KopeHb H3 e,HHHHHbi HBjiHeTCH HeKOTopofl CTeneHbio npuMumuenoso KOpHH H3 

eflHHHITM, T.e. KOpHH H3 e^HHHHbl C nepHO^OM, paBHMM B TOHHOCTH V. Bee npHMHTHB- 
Hbie KOpHH H3 eflHHHUM (h TOJIbKO OHh) HBJIJHOTC3 peHieHHHMH ypaBHeHHH $p (r) = 0, 

r,n;e <3>p (r) — HenpHBOflHMbift nap Q flejiirrejib GnHOMa r v — 1, Ha3biBaeMbiii yuKAomo- 
MunecKUM noAUHOMOM. JlHHeiiHbie KOMGHHaunn KopHeii H3 e^HHHHM c n,ejibiMH Koscp- 
(pHi^neHTaMH o6pa3yioT Kojibup nHKjioTOMHnecKnx uejibix Np. OaKrnnecKH, b KanecTBe 

KOSCpCpHHHeHTOB ITHKJIOTOMHHeCKHX nejTMX ^OCTaTOHHO OrpaHHHHTbCH HamypaAbHUMU 

HHCJiaMH nocKOJibKy b cjiynae V > 2 ompuyameAbHue nejibie mojkho bbccth c iiomo- 
mbio TOJK^ecTBa (— 1) = Yl , r^e p — npoH3BojibHbiii ^ejiHTejib nepno^a V. BBe^e- 



Hne oTpHiiaTejibHMx nnceji He HBjineTcs KOHii;enTyajibHo Heo6xo^HMbiM. O^HaKo oho ^aeT 
TexHnnecKHe npenMymecTBa, iiosbojijih Hcnojib30BaTb pa3BHTbie MeTo^bi nojiHHOMnajib- 
hoh ajire6pbi. V-e yuKAomoMuuecKoe noAe Q-p bbo^htch KaK noAe uacrrmux KOJibn,a Np. 
Ilojie Q-p mojkho npe^cTaBHTb b BH^e 



H3 3Toro npe^CTaBjieHHH h cbohctb i^HKjioTOMHnecKHX nojiHHOMOB cjie^yeT, hto nojie Q-p 
npe^cTaBjiaeT co6oh BeKTopHoe npocTpaHCTBo (Gojiee toto, ajireGpy) pa3MepHocTH ip (V) 
Ha,n; nojieM pan;HOHajibHbix nnceji Q . 3^;ecb tp (V) o6o3HanaeT (fiyHKyum dilAepa (^pyroe 
Ha3BaHHe stoh (pyHKHHH — momueHm), onpe^ejiaeMyio KaK hhcjio nojioJKHTejibHbix u;e- 
jimx He npeBocxo^Hinnx V h B3aHMHo npocTbix c V (no onpe^ejieHHio hhcjio 1 cnHTaeTca 
B3aHMHo npocTMM c jiio6mm u;ejiMM). Han6ojiee ecTecTBeHHMM pns npe^cTaBjieHHH (46) 
HBjiaeTCH cmeneHHOu 6a3uc BeKTopHoro npocTpaHCTBa Qp, T.e. sjieMeHTM nojis Qp npe^i;- 
CTaBjiaioTCH b BH^e jiHHeHHbix KOM6HHan,HH c pai^HOHajibHMMH KoscpcpHnHeHTaMH cTene- 

Hett npHMHTHBHOrO KOpHH MeHbUIHX CTeneHH n,HKJIOTOMHHeCKOrO nOJIHHOMa. 3tot 6a3HC 

HBjiHeTCH yeAOHUCAeHHUM b tom CMbicjie, hto jiioGoe i^HKjioTOMHnecKoe n;ejioe mojkct 



k=l 




(46) 
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Phc. 7: IIorpyjKeHHe Np b C. IIpHMHTHBHbie Kopiiii BbmejieHbi Gojiee jkhphbimh CTpeji- 

KaMH. 

6mtb npe^cTaBjieHo b hgm k&k HejioHHCJieHHbiH BeKTop. 3aivieTHM, hto b MaTeMaraKe 
nacTo HcnojiB3yioTC3 npyrne HejioHHCJieHHbie 6a3HCbi rjik HHKjioTOMHHecKHx HHceji. 

A6ejieBO HHCJiOBoe nojie J 7 ripe^cTaBjiaeT co6oil nonnojie nojin Q-p, cpHKcnpyeMoe 
^onojiHHTejibHBiMH cHMMeTpHHMH, Ha3BiBaeMBiMH a,6moMop(fiu3MaMu TaAya. ABTOMOp- 
cpH3M Tajiya *k sto oTo6pa>K6Hiie , 3an,aBaeMoe npeo6pa30BaHHeM x-p — y x v npHMHTHBHoro 
kophh "P-h cTeneHH H3 eflHHHBBi. 3necb k — B3aHMHo npocToe c V n;ejioe b npen,ejiax 
1 < k < V. 

I^HKjioTOMHHecKHe HHcna mojkho norpy3HTb b nojie KOMnjieKCHbix HHceji C, oniia- 
ko b 3tom HeT HHKaKofi HeoGxoiXHMOCTH. Hhcto ajire6paHHecKHX CBOHCTB HHKJIOTOMH- 
necKHX HHceji npcTaTOHHO fljia Bcex MaHHnyjiHHHH b rmib6epTOBOM npocTpaHCTBe T^m h 
ero no^npocTpaHCTBax. HanpHMep, KOMnjieKCHoe conpHHteHHe HHKjioTOMHHecKoro HHCJia 
onpenejiaeTCH npeo6pa30BaHneM = r^~ m . OniiaKo, ,h;jih HjijnocTpaHHH, mbi npHBoniiM 
Ha Phc. 7 npHMepbi norpynceHHH i^HKjioTOMHHecKHX uejibix b KOMnjieKCHyio njiocKOCTb. 
Hcho, hto HHKjioTOMHHecKHe npo6H, T.e. sjieMeHTbi nojin Q-p, npn V > 3 3anojiHHK>T 
KOMnjieKCHyio njiocKOCTb Bciony iijiotho. 

Bee HppaHHOHajibHOCTH hbjihiotch npoMexcyTOHHbiMH sjieMeHTaMH KBaHTOBoro onn- 

CaHHH, HCHe3aiOIHHMH B OKOHHaTejIbHblX BbipaJKeHIIHX H,JI5I KBaHTOBblX Ha6jIK)flaeMbIX. 

3to yTBepjK^eHiie npen,CTaBjiHeT co6oii KOHCTpyKTHBHoe yTOHHeHHe B3aHMOCBH3H Me>K- 

fly KOMIUieKCHblMH H BeiHeCTBeHHblMH HHCJiaMH B CTaH^apTHOH KBaHTOBOH MexaHHKe, 

rfle npoMejKyTOHHbie BejiHHHHbi MoryT 6biTb KOMnjieKCHbiMH, ho Ha6jnoflaeMbie o6n3aHbi 

6bITb BemeCTBeHHblMH. 

3.1.3 IIpeflCTaBJieHHe KBaHTOBoii sbojiioijhh nepecTaHOBKaMH 

H3 cKa3aHHoro Bbinie cjieflyeT, hto jno6oe K-MepHoe npencTaBjieHHe U mojkct 6biTb pac- 
HinpeHO pp N-MepHoro npeflCTaBjieHHH U cooTBeTCTByioiHero nepecmanoeoHHOMy deu- 
cmeum rpyniibi G Ha N-sjieMeimioM MHo>KecTBe Q = {u>i, . . . ,u^}. 3to o3HanaeT, hto 
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rp-iprji _ tj^ r ^ e p _ nepecxaHOBQTjHoe npe/icTaBjieHHe (44), a T — MaTpnn;a npeo6pa- 
30BaHH3. 5Icho, hto N > K. Ecjih N = K, to npe^cTaBjieHne U caMo no ce6e HBjiHeTCH 
nepecTaHOBOHHBiM. Ecjih N > K, to nepecTaHOBOHHoe npeflCTaBjieroie HMeeT cjiejxyioHiyio 
CTpyKTypy 

T^PT =( U j = 1©U©V. 

3^ecB 1 03HaHaeT TpiiBiiajiBHoe o/THOMepHoe npe,n;cTaBjieHHe, HBjiHioiireecH o6H3aTejibHOH 
KOMnoHeHTofi jiio6oro nepecTaHOBOHHoro npejrcTaBjieHHH. KoMnoHeHTa V mojkct OTcyT- 

CTBOBaTB. 

OneBHiXHO, hto jj;onojiHHTejiBHbie "cKpbiTbie napaMeTpbi", noaBjiaioiiiHeca H3-3a yBe- 
jinieHHS pa3MepHOCTH npocTpaHCTBa, hhkohm o6pa30M He MoryT bjihhtb Ha jj;aHHbie, 
OTHOCHmHecH k npocTpaHCTBy nocKOjibKy KaK caMo 3to npocTpaHCTBO, Tax h ero 
jjpnojmeHHe hbjijhotch UHeapuanmHUMU nodnpocmpaHcmeaMU b npocTpaHCTBe "Hn- Ta- 
khm o6pa30M, mo6asi Keanmoeafi npo6AeMa b K-MepHOM rnjibGepTOBOM npocTpaHCTBe 
MoaceT 6bitb nepecpopMyjinpoBaHa b TepMHHax nepecTaHOBOK N rrpe/TMeTOB 27 . 

IIpHHHB TpHBHajIBHOe npeJXIIOJIOJKeHHe O TOM, HTO KOMnOHeHTBI BeKTOpOB COCTOHHHH 
MOryT 6bITB npOH3BOJIbHMMH SJieMeHTaMH OCHOBHOrO nOJIH J 7 , MBI MOJK6M yCTaHOBHTB 

npoH3BOjiBHbie (imnpHMep, HyjieBbie) jj;aHHBie b no/xripocTpaHCTBe "Hn-k ; RonojimiTejib- 
hom k "Hk- B 3tom cjiynae mm nojiynaeM — c tohhoctbio ro (pH3HHecKH HecyniecTBemioro 
pa3JiHHH5i MejK/xy "kohchhum" h " 6ecKoneHHUM" — cTaimapTHyio KBaHTOByio MexamiKy, 
nepecpopMyjinpoBaHHyio b TepMHHax nepecTaHOBOK. 

OiXHaKo OTKa3aBHiHCB ot 3Toro TpHBHajibHoro npe/xnojiojKeHHH mojkho npn/iaTb ro- 
pa3Jj;o Gojiee HaTypajibHbift cmmcji KBaHTOBMM aMnjiHTynaM. EcTecTBeHHO npe/xnojio- 
>KHTb, hto KBaHTOBbie cocto3hh3 cHCTeMM h annapaTa b nepecTaHOBOHHOM 6a3Hce hb- 

JI3IOTC2 BeKTOpaMH C HaTypajIbHMMH KOMnOHeHTaMH! 











\n) = 




h \m) = 













B cooTBeTCTBHH c npaBHjioM BopHa, BepoHTHocTb o6iiapy>KHTb cocTOJiHue \n) annapa- 
tom, HacTpoeHHMM Ha cocTOHHHe \m) , paBHa 



P m, n 



2 



Ei m i 2 E, 



n 



2 ' 



Hcho, hto 3HaneHHe 3Toro BbipaaceHHH Ha HeHyjieBbix BeKTopax \n) h \m) HBjineTCH 

pai^HOHajIbHMM HHCJIOM CTpOTO GojIbHIHM HyjIH. 3tO 03HaHaeT, B HaCTHOCTH, HeB03MO)K- 

HOCTb Ha6jnojj;aTb jj;ecTpyKTHBHyio KBaHTOByio HHTepcpepeHinno b CHCTeMe b iiejiOM. TeM 



27 C ajiropiiTMH^iecKoii totkh 3pemia:, onepainin c nepecTaHOBKaMH cymecTBeHHO 6ojiee sepcpeKTiiBHM, 
neM MaHHnyjian,HH jiHHeiiHoii ajire6pti c MaTpniiaMH. OflHaKO CTeneHb N nepecTaHOBOK MO»ceT SHaiH- 
TejibHO npeBoexoflHTb pa3MGpHOCTi> K MaTpun,. HanpiiMep, Han6ojii>maH cnopafliinecKaH npocTaa rpynna 
M ( u MOHcmp Qumepa-rpucca") nopa flK a 2 46 • 3 20 • 5 9 • 7 6 • ll 2 • 13 3 • 17 • 19 • 23 • 29 • 31 • 41 • 47 • 59 • 71 10 54 
HMeeT MiiHiiMajiBHoe TOHHoe HenpHBOflHMoe npeflCTaBjieHHe pa3MepHOCTii 47 • 59 • 71 ~ 2 • 10 5 , a CTenenb 
ee MHHHMajitHoro nepecTanoBOHHoro npeflCTaBjiemiH paBHa 2 4 ■ 3 7 • 5 3 • 7 4 ■ 11 • 13 2 • 29 • 41 ■ 59 • 71 w 10 20 . 
TeM He MeHee, caMa bo3mo^khoctij ceedenun Keanmoeou dunaMUKu k nepecmanoeKaM KOHn,enTyajHjHO 
ropa3/i,o BajKHee ajiropiiTMHHecKHx BonpocoB. 
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He MeHee, ^ecTpyKTHBHas HHTepcpepeHHHH BeKTopoB c HaTypajibHMMH KOMnoHeHTaMn 
B03MOJKHa b coGcTBeHHBix UHeapuanmHux nodnpocmpaHcmeax nepecTaHOBOHHoro npe^i,- 
CTaBjieHHs. PaccMOTpHM BHanajie npocToii npHMep. 

3.2 IlpHMepbl KOHeHHMX KBaHTOBMX CHCTeM 

3.2.1 IIoflpo6Hi>iii npHMep: HanMeHtiiiaH HeKOMMyTaTHBHaa rpynna S3 

Mbi Bti6pajiH rpynny S3 b KanecTBe npHMepa H3-3a npocTOTBi aHajiH3a. TeM He MeHee, 
3Ta rpynna HMeeT BaJKHbie npnjioJKeHna b <pH3HKe. B nacTHOCTH, OHa ncnojiB3yeTC3 fljia 
onncaHHH Tax Ha3biBaeMoro mpu-6uMaKcuMaAt>H020 CMewueanusi b HenTpHHHBix ocuhji- 
jihuhsx [13, 14]. (Bojiee noflpo6Hoe oGcyjK^eHne cm. b ilpHjioaceHnn E.) rpynna coctoht 
H3 niecTH sjieMeHTOB, KOTopbie mojkho npe^CTaBHTb cjie^yiom;HMH nepecTaHOBKaMH 3-x 

oGteKTOB 

gi = (), g 2 = (2, 3), g 3 = (1, 3), g 4 = (1, 2), g 5 = (1, 2, 3), g 6 = (1, 3, 2) . 

3KcnoHeHTa rpynnbi S3 paBHa niecTH nocKOJitKy cTeneHH ee sjieMenroB paBHM 2 h 3. 
rpynna MoxceT 6bitb nopojK^eHa pa3JinnHbiMH napaMH cbohx 3 jieMeHTOB . HanpHMep, b 
KanecTBe nopojK^aioinero MHoxcecTBa mojkho Bti6paTB napy {g2,g6}- rpynna S3 pacna- 
^aeTca Ha Tpn Kjiacca conpHJKeHHBix sjieMeHTOB 

K\ = {gl} ? K 2 = {g2, g3, g4} , K3 = {g5, ge} • 

Ta6jinn;a xapaKTepoB (cm. ilpnjiojKeHne D) stoh rpynnbi HMeeT bh^ 





K ± 


K 2 


K 3 


Xi 


1 


1 


1 


X2 


1 


-1 


1 


X3 


2 





-1 



B cooTBeTCTBHH c Tpa^Hii;HeH, npHHHToii b (pH3HHecKofi jiHTepaType, Mbi 6yn,eM 060- 
3HanaTb nenpueoduMue npe,n,CTaBjieHHH hx pa3MepHOCTHMH b jkhphom nipncpTe. TaKHM 

06pa30M, Mbi HMeeM TpH HenpHBOflHMMX npe^CTaBJieHHH 1,1' H 2, H3 KOTOpblX TOJIbKO 

2 HBjiaeTcs tohhmm. J\nsi o6o3HaneHH5i nepecmanoeoHHUx npe^cTaBjieHHii, nrpaioinnx 
Ba>KHyio pojib b HanieM no^xofle, mm 6yn,eM ncnojib30BaTb Taioice hx pa3MepHocTH b 
>KHpHOM nipncpTe, ho c ^onojiHHTejibHMM ncflnepKHBaHHeM. 

MaTpnnM nepecTaHOBOHHoro npe,ncTaBjieHHH nopoJK^aioiirHX sjieMeHTOB hmciot bh,zi; 

p (: ; :) ■*-(! ; J 

3th MaTpHH,M HMeioT, cooTBeTCTBeHHO, cjie,zryioiii;He Ha6opbi coGcTBeHHMX 3HaneHHn: 
(1,1,-1) h (1, r 3 , rjj), r,n;e r 3 — hphmhthbhmh KopeHb 3-fi CTeneHH H3 eflHHHHM, onpe^e- 

JISeMMH ITHKJIOTOMHHeCKHM nOJIHHOMOM $3 (f) = 1 + T + T 2 . 

KaK 6mjio OTMeneHO Bbinie, jnoGoe nepecTaHOBOHHoe npe^cTaBjieHHe HMeeT o^HOMep- 
Hoe HHBapHaHTHoe no^npocTpaHCTBo c 6a3HCHMM BeKTopoM (1, . . . , 1) T . TaKHM o6pa30M, 
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eflHHCTBeHHMM bo3mo>khb»im pa3jio>KeHHeM nepecTaHOBOHHoro npe^cTaBjieHHa SBjiaeTcs 

3 = 1 © 2 HJIH B HBHOM MaTpHHHOM BHfle 

Uj=(l J = l,-..,6, (47) 

r,n;e MaTpnubi Uj HBjisioTca: sjieMeHTaMH tohhoto HenpuBo^iiMoro npe^cTaBjieHira 2. 

^Jia nocTpoeHHH pa3Jio>KeHH5i (47) Heo6xo,a,tiMo onpe^ejiHTb MaTpiiirM Uj h T Ta- 
khm o6pa30M, hto6m BbinojiHHjiocB cooTHoineHHe Uj = T _1 PjT. ,U,oriojiHHTejibHo mbi 
noTpeGyeM, hto6m Bee sth MaTpnubi 6mjih yHHTapHbiMH. 5Icho, hto rjis nocTpoeHHS 
MaTpun; Uj h T ^ocTaTOHHO Hcnojib30BaTb tojibko nepecTaHOBOHHbie MaTpHUM nopoac- 
^aiomHx sjieMeHTOB 28 . PasjioaceHne (47) mojkho nocTpoHTb pa3HbiMH cnocoGaMH. Hcho, 
hto mm Bcer^a mojkcm Bbi6paTb ^naroHajibHoii MaTpniry Uj o,n,Horo H3 nopoac^aiomHx 

SJieMeHTOB. 

Ecjih HanaTb c ,THaroHajiH3airHH Pq, to mbi nojiy^HM cjie,n,yioiiiHH Ha6op MaTpnii; Uj\ 



i oy ' V° r 3/ ' v° 

MaTpnira npeo6pa30BaHHa (c tohhoctbio HecymecTBeHHoro npoH3Bojia b BBiGope ee 
sjieMeHTOB) HMeeT bh^ 



r| 1 | , T- A = — | 1 r 3 rg | . (49) 

MHHHMajiBHBiM aGejieBMM hhcjiobmm nojieM, co^,epacairj;HM Bee sjieMeHTM MaTpim, 
(48) h (49), aBjiaeTca UHKjioTOMHnecKoe nojie Q 12 . TaKHM o6pa30M, mm mojkcm nepenn- 
caTb, cxaJKeM, MaTpimy (49) b TepMHHax sjieMeHTOB H3 Q 12 






(50) 



r i2 ~~ npiiMHTHBHbiii 12-fi KopeHb H3 e/niHHHM, T.e. npoii3BOJibHoe (a6cTpaKTHoe) 
penieHHe ypaBHeHiia: $12 (r) = 1 — r 2 + r 4 = 0. B (50) mm Hcnojib30BajiH "HaTypajibHoe" 
npe^cTaBjieHHe UHKjioTOMHHecKnx ijejibix. ripuBe^eHiie no Mo^yjiio UHKjioTOMiiHecKoro 



28 3aMeTiiM, hto npo6jieMa nocTpoemiH o6ihhx HHBapHatiTHbix no/nipocTpaHCTB HecicojibKHx MaT- 
pnu, hjih, b HecKOjibKO 6ojiee o6meM CMbicjie, npo6jieMa pacmenjieHHH MOiiyjieH Hafl accoHiiaTHBHbiMH 
ajire6paMH Ha HenpHBcyniMiibie no;i,MOjiyjiH ajiropiiTMHHecKH BecbMa HeTpHBHajibHa. ^ocTaTOHHO yHH- 
BepcajibHbiH ajiropHTM, Ha3biBaeMbiii MeatAxe [15], pa3pa6oTaH TOjibKO pjin ajire6p Hajj, kohchhbimh 
nojiaMH. AjiropiiTM MeatAxe bkjuohch b chctgmbi KOMnbiOTepHOH ajire6pbi GAP 11 Magma. O/niaKO b 
cjiynae rpynnoBbix ajire6p, no KpaiiHeft Mepe pjisi He6ojibHinx rpynn, Heo6xoflHMbie nocTpoemia mojkho 
npoBecTH "MeTOflOM npo6 h ohih6ok", KaK npaBHjio, 6e3 oco6bix 3aTpyinieHHH h Hajj, nojiHMH HyjieBoii 

XapaKTGpHCTHKH , B HaCTHOCTH, Hafl HHKJIOTOMHHeCKHMH nOJIHMH HJIH HX nOflnOJIHMH. 
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nojiHHOMa $12 (r) ^aeT "Hejioe" npe,n,CTaBjieHHe b cTeneHHOM 6a3Hce, T.e. npe^cTaBjiemie 
c OTpHn;aTejibHbiMH KoscpcpHuneHTaMH, ho c MHHHMajibHbiMH CTeneHHMH ri 2 : 




r 3 

r 12 


2ri2 


- r 3 

'12 


-ri2 


- r 3 

'12 


r 3 

r 12 


-ri 2 


- r 3 

'12 


2ri2 


- r 3 

'12 


r 3 

r 12 


— fl2 


+■ 2r? 2 


— fl2 


f 2r 3 2 



^HaroHajiH3an;Ha P2 iiphbo^ht k ^pyroMy BH/j;y pa3Jic»KeHH5i (47). B stom cnynae 
jj;jis MaTpHu, nopojK^aiomHx ajieMeHTOB mbi HMeeM 








(51) 



MaTpHH,a npeo6pa30BaHHH npHHHMaeT bhjj, 



(A 




\ 






1 




1 






y/2 


V7/3 


1 


72/ 





v-1 



/ 


1 


1 


7S\ 








/i" 


1 


1 




V 3 


V6 




V 





1 
V2 


71/ 



(52) 



3Ta MaTpnua iicnojib3yeTCH b (pH3HKe nacTHii; rjik oniicaHHH cpeHOMeHOJioriiii HeftTpiiH- 
hmx ocuhjijihuiih, r/j;e OHa n3BecTHa no,n HMeHaMH Mampui^a mpu-6uMaKcuMaJibHoeo 
CMemueaHUH hjih Mampuup, XappucoHa-IIepKUHca-CKomma. 

MuHiiMajibHoe a6ejieBo hhcjioboc nojie J 7 , co^epxcamee Bee sjieMeHTbi MaTpnii; (51) 
11 (52), HBjiaeTca: no^nojieM HHKjioTOMHHecKoro nana Q24, cpHKcnpyeMbiM c noMombio 
aBTOMopcpii3Ma Tajiya r 2 4 — > r||. 3^ecb r 2 4 — npHMHTHBHbiii 24- h KopeHb H3 e,n;HHHHbi. 

CoOTBeTCTByiOIHHH HHKJIOTOMHHeCKHH nOJIHHOM HMeeT BHfl $ 2 4 ( r ) = 1 — T 4 + T 8 . B 
TepMHHaX HHKJIOTOMHHeCKHX HHCejI MaTpHHbl (51) H (52) HMeiOT BHJJ 



-2r 2 

zr 24 



o 2 

zr 24 



'21 



'21 



1 



11 



6 



'4r 2 



21 

,4r 2 4 



24 
zr 24 

zr 24 



2Tq4 -|- 2r 2 4 



4r 7 



21 







2r 7 
zr 24 

r 7 

'24 



-6r 24 
6r 24 - 



-6r| 4 
6r| 4 



2r 94 2r24 + 

3 

r 24 — ^24 ~~ '24 
— r 24 — r 24 — r 24 + 2l"2 

OaKTHiecKH HHCpopMaiiHS o "KBaHTOBOM noBe/ieHHH" 3aKO^HpoBaHa b MaTpHH,ax npe- 
o6pa30BaHHH TaKiix KaK (49) hjih (52). 



BeKTopbi coctohhhh CHCTeMbi h annapaTa 



b "nepecTaHOBOHHOM" 6a3Hce. C noMombio MaTpnubi npeo6pa30BaHHH (49) mm mojkcm 
3anncaTb bth BeKTopbi b "KBaHTOBOM" 6a3Hce: 









(mi \ 


IlycTb \n) = 


n 2 


h m) = 


m 2 








\m 3 ) 



1 \n) = 4= 



T" 1 \m) 



1 

7! 



ni + n 2 + n 3 
ni + n 2 r 3 + n 3 r§ 
n x r 3 + n 2 + n 3 x\ / 

mi + m 2 + m 3 
mi + m 2 r 3 + m 3 x\ 
,mir 3 + m 2 + m 3 x\ 
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LTpoeKHHH BeKTOpOB COCTOHHHH B flByMepHOe HHBapHaHTHOe nO^npOCTpaHCTBO HMeiOT 

u,\ = 1 f n i + n 2 r 3 + n 3 rj\ , , _ J_ /mi + m 2 r 3 + m 3 rf 



v/3 V nir 3 + n 2 + ^313/ ' Ir/ ^/3^mir 3 + m2+m 3 r^ 

CoOTBeTCTBeHHO, COCTaBJIiHOIHHe 6opHOBCKOH BepOHTHOCTH (42) flJIH ^ByMepHOH no^cH- 
CTeMBI npiIHHMaiOT BHfl: 

^\^) = Q 3 (n,n)-h 3 (n) 2 , (53) 
(0|0) = Q 3 (m,m)-iL 3 (m) 2 , (54) 

I(0|^)| 2 = (Q 3 (m,n)-^L 3 (m)L 3 (n)) , (55) 

N N 

r,n;e Ln (n) = ^2 Hi h Qn (m, n) = ^ — JiHHeHHBiii h KBa^paTHHHBiH nepecTaHo- 

i=l i=l 

BOHHBie HHBapnaHTBi . 3th HHBapnaHTBi aBjiaioTca oGuihmh ,h,jis jiioGbix rpynn nepecTa- 

HOBOK. 

06paTHM BHHMaHHe Ha TO, HTO 

1. BBipaaceHHH (53)-(55) CKOM6HHHpoBaHBi H3 UHeapuanmoe nepecmanoeoHHOSo nped- 
cmaeJieHua. 

2. JJecmpyKmueHCMi Keaumoeafi UHmep<fiepeHU ) ufi, T.e. o6pameHHe b HyjiB 6ophobckoh 
BepoHTHOCTH, onpe^ejiHeTCH ypaBHeHHeM 

3 (m^i + m 2 n 2 + m 3 n 3 ) - (m x + m 2 + m 3 ) (n x + n 2 + n 3 ) = 0. 

3to ypaBHeHHe HMeeT 6ecKOHeHHo MHoro "HaTypajiBHBix" penieHHii, HanpHMep, 











|n>= | 


1 


| , \m) = | 













TaKHM o6pa30M, npocTbiM nepexcflOM k HHBapnaHTHOMy no^npocTpaHCTBy Mbi no- 
jiyHHjiH cymecTBeHHBie nepTBi KBaHTOBoro noBe^eHHa H3 "nepecTaHOBOHHofi ^HHa- 
mhkh" h "HaTypajiBHofi" HHTepnpeTauHH (45) KBaHTOBBix aMnjiHTyn;. 

3tot npHMep mojkho cjierxa o6o6ihhtb. JIio6oe riepecTaHOBOHHoe npe^CTaBjieHHe co- 
^,ep>KHT (N — l)-MepHoe HHBapnaHTHoe no^npocTpaHCTBO. GcajiJipHoe npoH3Be^;eHHe b 
3tom no^npocTpaHCTBe b TepMiiHax nepecTaHOBOHHtix HHBapnaHTOB HMeeT BHfl 

(</>\il>) = Qn (m, n) - ^L N (m) L N (n) . 
1 , 1 



To>K^ecTBo Qn (n, n) — ^Ln (n) = — (Ln (n) — Nrij) noKa3biBaeT hbho, hto 

i=i 

> ,h;jih \n) c pa,3JiuHHUMU 29 KOMnoHeHTaMH n.j. 3to cxajiapHoe npoH3Be^eHHe He 
co^ep>KHT npp ai^HOHajibHocTen , ecjiH BeKTopbi \n) h \m) HaTypajiBHBi. 



29 BeKTopbi c oflimaKOBBiMH KOMnoHeHTaMH npHHafljiexcaT oflHOMepHOMy flonojiHeHiiio k paccMaTpii- 
BaeMOMy (N — l)-MepHOMy no/i,npocTpaHCTBy. 
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Phc. 8: TpacJ) Ksjih rpynnbi A5. IIjiTHyro jibhukh , inecTHyrojibHHKH h cbh3h, coeflHHHio 
inne cMejKHbie njiTHyrojibHHKH cooTBeTCTByioT pejiHTopaM a 5 , (ab) 3 h b 2 b npe^cTaBjie- 
HM (56). 



3.2.2 rpynna HKOcaa^pa A 5 

rpynna cHMMeTpHH HKocas^pa A 5 sto HaHMeHbinan npocTan HeKOMMyTaTHBHan rpynna. 
OHa coctoht H3 60 sjieMeHTOB n ee 3KcnoHeHTa paBHa 30. 3Ta rpynna nrpaeT HacTOJiBKo 
Ba>KHyio pojib b MaTeMaTHKe n npnjioJKeHnax, hto <J>. KjieftH nocBHTHji ee OT^ejibHyio 
KHnry [22] . B cpH3nnecKOH jiHTepaType fljiH rpynnbi HKOcas^pa nacTO Hcnojib3yeTCH 060- 
3HaneHne S(60). HHTepecHO otmcthtb, hto A 5 HMeeT "cpnsnnecKoe BonjiomeHHe": MOJie- 
Kyjia (pyjuiepeHa Cgo HMeeT CTpyKTypy rpacpa Ksjih stoh rpynnbi (cm. Phc. 8). 3to 
acHO H3 cjie^ryioinero npedcmaeAenufi A 5 c noMorubio RByx nopoJKflaioiiiHX sjieMeHTOB 
Ha KOTopbie HajiojKeHbi Tpn coomnomeHUH . 



rpynna A 5 pa36HBaeTCH Ha nHTb KjiaccoB conpHaceHHbix sjieMeHTOB Ki, K i5 , K 2 o, 
K\2> ■ pa3jiHneHHH KjiaccoB mm 3^ecb Hcnojib3yeM hx pa3Mepbi b KanecTBe 
hhjkhhx HH^eKcoB. Ta6jiHn,a xapaKTepoB rpynnbi HMeeT bh^ 

30 Ecjih cooTHOineHHe 3anncaHO b Biifle R = 1, to ero jieByro nacTB R Hcl3bibriot pejismiopoM. 




(56) 
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CKHM1I HejIBIMH (HJIH 



- u 30Aomoe cenenue". 3aMeraM hto <p h 1 — 
" i^uKJiomoMunecKUMU HamypaAbHUMU r 



HBJIHIOTCH HHKJIOTOMHHe- 

= -r|-r| = l + r 5 + r| 



h 1 — <f) = — rs — rg = 1 + r§ + rf, rjj;e rs — npHMHTHBHBift KopeHB 5-fi CTeneHH H3 e,zrHHH- 
hbi. H3 Ta6jiHHBi xapaKTepoB bh/xho, hto A 5 HMeeT iihtb HenpHBO/jHMBrx npe^cTaBjieHHii: 
TpHBHajiBHoe 1 h neTBipe tohhbix 3, 3', 4, 5. 

Hto KacaeTca nepecTaHOBOK, to rpynna HMeeT Tpn npuMumuenux ^eiicTBHH Ha mho- 
acecTBax H3 5, 6 h 10 3 jieMeHTOB . CooTBeTCTByrouxHe nepecTaHOBOHHBie npe^cTaBjieHHa 
HMeioT cjie,zryioiirHe pa3Jio>KeHH5i Ha HenpHBo/xHMBie komhohchtbi 



4, 6 



5, 10 



5. 



HanoMHHM, hto TpaH3HTHBHoe ^eficTBHe rpynnBi G Ha MHoxcecTBe Q Ha3BiBaeTCH uMnpu- 
MumueHUM [67], ecjin HMeeTcn nempueuaJibHoe pa36neHHe MHoxcecTBa Q, HHBapnaHTHoe 
OTHocHTejiBHo ^eiicTBHH rpynnBi. Ilpn stom mpueua/ibHUMu pa36uenuHMU no onpe^e- 
jieHHio hbjihiotch: pasGneHHe Ha oflHoajieMeHTHbie 6jiokh h pa36neHHe Ha 6jiok, co^ep- 
jKan^HH Bee MHoacecTBO Q, h ^onojiHHTejiBHBifi k HeMy nycTofi 6jiok. HeTpnBHajiBHoe 
HHBapnaHTHoe pa36neHHe Ha3BiBaeTca cucmeMou uMnpuMumuenocmu hjih cucmeMou 
6aoko6. Ecjih HHBapnaHTHBiMH hbjihiotch tojibko TpHBnajiBHBie pa36neHHH, TO ^efiCTBHe 
Ha3BiBaeTCH npuMumuenuM. IIpHMHTHBHBie ^eiicTBHH cHHTaioTCH HanGojiee cpyH^aMeH- 

TajiBHBiMH cpejjH Bcex nepeCTaHOBOHHBIX ^eHCTBHft. 

PaccMOTpHM ^eiicTBHe A5 Ha MHoxcecTBe BepniHH HKocas^pa fl^. 3to ^eiicTBHe TpaH- 

3HTHBHO, HO UMnpUMUmU6H0 . CHCTeMa HMnpHMHTHBHOCTH HMeeT BHfl 



{\Bi 



B, 



5 6 |} = {|1,7 



6 



6,12 |} 



b npeflnojiojKeHHH HyMepanHH BepniHH, H3o6pa»:eHHOH Ha Phc. 9. Kaacfltiii 6jiok Bi 
coctoht H3 napBi npoTHBonojio>KHBix BepniHH HKoca3,n;pa. Tpynna A 5 nepecTaBjineT 6jio- 
kh Mexc/xy co6oii Kax H,ejiBie o6T>eKTBi. Mbi 6yn,eM o6o3HanaTB cooTBeTCTBne Me:>K;xy 

npOTHBOnOJIOJKHBIMH BepUIHHaMH 6jIOKOB ("KOMnjieMeHTapHOCTB") CHMBOJIOM c , T.e. ecjin 

Bi = {p, q}-, to q = p c h p = q c . ^Jia HyMepainiH, HcnojiB3yeMofi Ha Phc. 9, KOMnjieMeH- 
TapHOCTB mojkho BBipa3HTB (popMyjioft p c = 1 + (p + 5 mod 12). 

IlepecTaHOBOHHoe npe^cTaBjieHHe ^eftcTBHs: A5 Ha BepniHHax HKOca3,n;pa HMeeT cjie- 
flyiomee pa3Jio>KeHHe Ha HenpHBo^HMBie komhohchtbi 



12 = 1©3 

HciIOJIB3yH o6o3HaneHH5i 



3' © 5 hjih T- 1 (12) T = l©3©3'©5. 



(57) 



6 1 ;= n ^^10-2^ 

a = ^V 1 °-2v / 5, = V V 2Q V , 7 
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Phc. 9: HKOcas^p. Ilapbi npoTHBonojiojKHBix BepuriiH o6pa3yiOT CHCTeMy HMnpiiMHTHB- 

HOCTH. 



MaTpimy npeo6pa30BaHHa T H3 cpopMyjibi (57) mojkho 3aniicaTb, b HacTHoc™, k&k 



(5? 



/VI 

' 6 

yj 

6 

Vs 

6 

V3 
6 

Vs 

6 

VI 
6 
VI 
6 

VI 

6 

VI 

6 

VI 

6 

VI 

6 

\ VI 

V 6 

3aMeTHM, hto cTaH^apTHtie cHCTeMti KOMnt>K)TepHOH ajire6pbi, Taxne k&k Maple hjih 
Mathematica, He b coctohhhh bbiiiojihjitb bbiihcjighhsi c MaTpnn;aMH Taxoro Tima 113- 

3a OrpaHHHeHHBIX B03MO}KHOCTeH 3THX CHCTeM B ynpomeHHH CJIOJKHBIX BBipaJKeHHH c 
IippaUHOHajIBHOCTilMH, B OCo6eHHOCTH C BJIOJKeHHBIMH KOpHHMH. 

O^HaKO ecjiH Btipa3HTb MaTpHHHbie sjieMeHTti b TepMHHax cooTBeTCTByiomero a6e- 
jieBoro HHCjioBoro nojia, to npoGjieMa ynpomeHna cbo^;htc2 k npocTbiM BbmncjieHHiiM 
c nojiHHOMaMH ot o^hoh nepeMeHHoft no Mo^yjiio irHKjiOTOMHHecKoro nojiHHOMa. B ^aH- 
hom cjiynae MHHHMajibHbiM nojieM T aBjiaeTca no^nojie UHKjioTOMHnecKoro iiojih Q 60 , 
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cpHKcnpyeMoe b Q@o aBTOMopcpH3MOM Tajiya r — > r 59 , r^e r — npnMHTHBHt>iii KopeHt 

H3 e^HHHHBI 60-ii CTeneHH. CoOTBeTCTByiOIHHH IHlKJIOTOMHHeCKHH nOJIHHOM HMeeT BHfl 

^60 ( r ) — 1 + r 2 — r 6 — r 8 — r 10 + r 14 + r 16 . HppaHHOHajiBHBie sjieMeHTti MaTpHHti (58) 

Ha S3BIKe HHKJIOTOMHHeCKHX HHCejI HMeiOT BHfl: 



^\/10-2v / 5 



\/3 _ 1 

~6~ ~ 6 
1 



5V10-2V/5 1 



20 



4 4 
1 1 



i 



2r J 



,15 



) 



r + r 3 - r 9 - r 11 + r 15 ) 



r + 4r 3 - 3r 9 - r 11 + 2r 15 ) 



,4 ,6 i ,14 



+ r 14 ) 



_l + r 4 + r 6_ r 14) 



1 (_ 2r + 2r 5 + 4r 7 + 2r 9 + 2r n - 4r 13 - 3r 15 ) 



12 12 



3 



! ( r + 2r 5 - 2r 7 - r 9 - r 11 + 2r 13 ) 
12 v 



8 

— I 1 + — ] = — (r - 4r 5 - 2r 



V5 
3 



7 ,9 ,11 | o,13 , o,15 



+ 2r 13 + 3r 15 ) . 



CxajiapHBie npoH3Be,n;eHHH b HHBapHaHTHbix no^npocTpaHCTBax npe^CTaBjieHHa (57) 
b TepMHHax nepecTaHOBOHHbix HHBapnaHTOB npnHHMaioT bh^: 

^Lia (m) L12 (n) , 



r^e 



$3 I ^s) = 7^ (5Q12 (m, n) - 5A (m, n) + v 7 ^ (B (m, n) - C (m, n))) 





1 *l) 


($3 


1 *3> 


($3' | 


^3'} 


($5 


1 *5> 



20 
1 

20 
1 

12 



5Qi2 (m, n) — 5A (m, n) — v^5 (B (m, n) — C (m, n)) 



12 

A (m, n) = A (n, m) = m^n^c, 

fc=i 
12 

B (m, n) = B (n, m) = 

k=l ieN(fc) 
12 

C (m, n) = C (n, m) = ^S^Jij- 

k=l ieN(fc c ) 



(59) 
(60) 



(61) 
(62) 

(63) 



B cpopMyjiax (62) h (63) N (k) o6o3HaHaeT "oKpecTHocTb" /c-fi BepniHHbi HKocas^pa, T.e. 
MHOJKecTBO BepniHH, CMe>KHbix c k. HanpHMep, N (1) = {2,3,4,5,6} Ha Phc. 9. TaKHM 
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o6pa30M, BHyTpeHHHH cyMMa b (62) npe^cTaBjiaeT co6ofi cyMMy ^aHHbix Ha oKpecTHocTH 
BepniHHbi k, a aHajiornHHaa cyMMa b (63) sto cyMMa flamibix Ha OKpecTHocTH BepniHHBi, 

npOTHBOnOJIOJKHOH K k. 

KBa^paTHHHbie HHBapnaHTBi (61)-(63) He He3aBHCHMBi. Mexc^y hhmh HMeeTca cjie- 
flyromee TOJK^ecTBo: 



CKajiapHBie npoH3Be,ri;eHH5i (59) h (60), ecjin hx paccMaTpHBaTB no oT^ejiBHocTH, 
npHBo^HT k ynoMHHyToii Btinie npo6jieMe c BepoHTHocTHMH. A hmchho, 6opHOBCKHe Be- 
Pohthocth fljis no^npeflCTaBjieHHH 3 h 3' co,a;ep>KaT Hppai^HOHajiBHocTH, hto npoTHBope- 

HHT HaCTOTHOH HHTepnpeTaHHH Bep03THOCTefi flJI2 KOHeHHBIX MHOJKeCTB. OneBH^HO, 3TO 

aBjiaeTca cjie^CTBHeM hmhphmhthbhocth: HeB03MO>KHO nepeMecTHTb BepniHHy HKOcaafl- 
pa 6e3 o^HOBpeMeHHoro nepeMem;eHHa npoTHBonojio>KHOH BepniHHbi. Hto6bi pa3peniHTb 
3to npoTHBopeHHe Heo6xoflHMO paccMaTpHBaTB KOMnjieMeHTapHbie nqznrpeflCTaBjieHHH 3 
h 3' coBMecTHo. CKajiapHoe npoH3Be^eHHe b nojxnpe,n;cTaBjieHHH 3 © 3' 



Bcer,n;a ^aeT paHHOHajiBHBie 6opHOBCKHe BepoHTHocTH fljis BeKTopoB c HaTypajiBHBiMH 
"iHCJiaMH 3anojiHeHH5i". 

4 IlepecTaHOBOHHO HHBapHaHTHbie 
6HJiHHeiiHbie cJ)opMbi 

^JIS BbIHHCJieHH2 KBaHTOBBIX HHTepCpepeHHHH HaTypajIBHblX aMnjIHTyfl B COOTBeTCTBHH c 

npaBHjioM BopHa /jpcTaTOHHo 3HaTB BBipa>KeHH3 jjjrs cKajiapHBix npoH3Be^eHHH b HHBa- 
pnaHTHbix no^npocTpaHCTBax nepecTaHOBOHHoro npe^cTaBjieHHH. PaHee mbi nojiynajiH 
3th Bbipa>KeHHH npsMBiM BbiHHCJieHHeM c noMouiBio MaTpHHbi nepexqua ot "nepecTaHO- 
BOHHoro" 6a3Hca k "KBaHTOBOMy". Kax Gbijio oTMeneHo b cHocxe Ha cTp. 40 npo6jieMa 
pacm;enjieHHH Mo/xyjia Ha/o; accoHHaTHBHoii ajire6pofl Ha HenpHBo/xHMBie nojjMOJxyjiH h, b 
nacTHOCTH, BBiHHCJieHHe coc-TBeTCTByiomeH MaTpni^Bi nepexo,n;a He HMeeT yn;oBjieTBopH- 
TejibHoro ajiropHTMHHecKoro penieHHH Ha/j, BaacHBiMH fljia Hac cncTeMaMH HHceji. O^Ha- 
ko mojkho nonbiTaTBca o6ohth sth TpyziHOCTH, ecjin y^acTCH nojiyHHTB BBipaxceHHa fljia 
CKajiapHBix npoH3Be^,eHHii Henocpe^cTBeHHO, T.e. 6e3 Hcnojib30BaHH5i MaTpnu, nepexo^a. 

OnHHieM O^HH H3 B03MOJKHBIX nO^XO^OB. 

4.1 Ba3HC nepecTaHOBOHHO HHBapnaHTHbix (popM 

Hanajia nocTpoHM mhojkcctbo Bcex HHBapnaHTHBix 6HjiHHefiHBix (popM b nepecTaHO- 
bohhom 6a3Hce. npe^nojiojKHM, hto rpynna G = G (Q), ^eftcTByioiHaH nepecTaHOBKaMH 
Ha MHOJKecTBe Q = {u>i, . . . , u^} nopo>K^aeTCH K sjieMeHTaMH gi, . . . , g^, . . . , g&. Hcho, 

HTO ^OCTaTOHHO npOBepHTB HHBapHaHTHOCTB (pOpMBI OTHOCHTejIBHO 3THX 3 JieMeHTOB . 

,U,jih yn;o6cTBa MHoacecTBO Q OTO>K^;ecTBHM KaHOHHiecKH c MHoacecTBOM HH^excoB ero 
3 JieMeHTOB : Q = N = {1, . . . , N}. 06o3HaHHM MaTpHHBi nepecTaHOBOHHoro npejj;cTaBjie- 
hhs nopojKjj;aioH];Hx sjieMeHTOB cHMBOjiaMH P*. — P (gk)- OneBHiXHo, hto Pk = P (9k 1 )- 



A (m, n) + B (m, n) + C (m, n) + Q i2 (m, n) = L 12 (m) L 12 (n) . 



(64) 
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YcjioBHe HHBapnaHTHocTH Ghjihhchhoh cpopMbi A = [cLij) OTHocHTejibHo rpynnbi G mojk- 
ho 3anncaTb b BHjj;e cncTeMbi MaTpHHHbix ypaBHeHHii 

A = P k AP^, 1 < k < K. (65) 

Jlerxo npoBepHTb, hto b KOMnoHeHTax ypaBHeHHH chctcmbi (65) HMeiOT bh/j, 

0>ij — a ig k jg k - (66) 
TaKHM 06pa30M, 6a3HC BCeX HHBapHaHTHblX 6HJIHHeHHbIX (pOpM HaXOflHTCH BO B3aHMHO 

o^HosHaHHOM cooTBeTCTBHH c MHOJKecTBOM op6iiT Ai, . . . , Ar ^eficTBHii rpynnbi G Ha 
^exapTOBOM npoH3Be^eHHH f2xf2. Op6nTbi rpynnbi Ha npoH3Be^;eHHH QxJ7, Ha3BiBaeMBie 
op6umaAaMU, nrpaioT BaacHyio pojib b TeopHH rpynn nepecTaHOBOK h hx npe^cTaBjieHHH 
[5, 7]. Ecjih rpynna TpaH3HTHBHa, to cymecTByeT e^HHCTBeHHtiii op6nTaji, coctohiiihh 
H3 Bcex nap BH^a TaKofi op6nTaji Ha3biBaeTCH mpueuaM>HUM hjih duasona/ibHUM. 
Hhcjio op6HTajioB R Ha3biBaeTCH pamoM rpynnbi G. Kaac^oMy op6nTajiy A r mojkho 

nOCTaBHTb B COOTBeTCTBHe 

1. opneHTHpoBaHHbin rpacp, BepninHaMH KOToporo hbjihiotch sjieMeHTbi Q, a pe6paMH 
- napbi € A r , 



2. MaTpnny A (A r ) pa3Mepa N x N no npaBHjiy A (A r 



ij 



1, ecjin G A r , 
0, ecjin ^ A r . 



CBoflcTBa rpacpoB op6nTajioB oTpa>KaioT BaacHbie cBoiicTBa rpynn. HanpHMep, TpaH- 
3HTHBHaJi rpynna nepecTaHOBOK npnMHTHBHa Torjj,a h tojibko Tor^a, Kor^a rpacpbi Bcex 

ee HeTpHBHajIbHblX Op6HTajIOB CBH3HbI. 

MHOJKecTBo MaTpnri, op6nTajioB npe^cTaBjiaeT co6on 6a3nc i^eHmpaAusamopHoso KOJit>- 
i^a nepecTaHOBOHHoro npe^cTaBjieHna rpynnbi G. 3to Kojibnp nrpaeT BaacHyio pojib b 
Teopnn npe^cTaBjieHnfi rpynn. Mbi 6yn;eM o6o3HanaTb ero chmbojiom ZR = ZR(G(f2)). 
Ta6jinn;a yMHOJKeHHa 6a3HCHbix sjieivieHTOB H,eHTpajiH3aTopHoro Kojibn,a ZR HMeeT bh,h 



A(A p )A(A q ) = J2«l q A(A T 



rjj;e Bee CTpyKTypHbie KOHCTaHTbi a — HaTypajibHbie nncjia. 

3aM6THM, hto fljiH nocTpoeHHH neHTpajiH3aTopHoro Kojibn,a nacTo ncnojib3yeTC5i He- 
CKOJibKo HHoii nopjtoR [67]. 3tot — H^rynxHii ot KjiaccnnecKHx pa6oT Illypa — nofl- 
xofl ocHOBaH Ha H3yneHHH op6nT cTa6njiH3aTopoB to Hex MHOJKecTBa Q. HanoMHHM, 
hto cTa6njiH3aTopoM ajieMeHTa i e (1 Ha3biBaeTCH nonrpynna Gj rpynnbi G ocTaBjiH- 
lonian stot ajieMeHT HenonBHJKHbiM. B o6meM cjiynae cTa6njiH3aTop Gj TpaH3HTHBHon 
rpynnbi G ^eilcTByeT Ha MHOJKecTBe Q H6TpaH3HTHBHO , nopojK^aa mhojkcctbo op6nT 
Ai = {i} , A2, . . . , Ar. Meac^y op6nTaMn cTa6njin3aTopa (HHor/ra Ha3biBaeMbiMH nodop- 
6umaMu) h mho>k6ctbom op6nTajioB TpnBnajibHbiM o6pa30M cTponTca B3anMHo ojxho- 
3HanHoe COOTBeTCTBHe (cm., HanpHMep, [5, 7]). IIosTOMy hhcjio R op6nT CTa6njiH3aTopa 
Gj coBnajj;aeT c paHroM rpynnbi nepecTaHOBOK G(f2). B TepMHHax op6nT CTa6njiH3a- 
TopoB 6a3HCHbie MaTpnirbi HeHTpajiH3aTopHoro Kojibn,a ctpohtch cjienyioiHHM o6pa30M. 
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PaccMaTpHBaioTCH op6iiT£»i cTa6HjiH3aTopa Gi. KajK^ofi op6iiTe A cTa6njiH3aTopa Gi 
CTaBHTca b cooTBeTCTBHe MaTpHu;a A (A) no npaBHjiy 



A (A) w 



1, ecjin cymecTByioT g G G h I G A Taxne, hto Ig = i vl Ig = j, 
0, b npoTHBHOM cjiynae. 



TexHHHecKHM npeHMymecTBOM Taxoro nquxqua aBjiaeTca HcnojiB30BaHHe H30MopcpH3Ma 
op6HT cTa6iijiH3aTopoB pa3JiHHHBix Tonex: BHanajie, no op6nTe cTa6njin3aTopa tohkh 1, 
Mbi ctpohm nepByio CTpoxy MaTpHHBi, a 3aTeM, c noMomtio rpyrmoBBix nepeHocoB - 

OCTajIBHBie CTpOKH. 

Mbi 6yn,eM Ha3BiBaTB MaTpnubi op6nTajioB A r = A (A r ) (hjih, ecjin yro/jHo, MaTpH- 
HBi no^op6nT) 6o3uchumu $opMa,Mu, nocKOJiBKy jnoGaa nepecTaHOBOHHo HHBapnaHTHaH 
6njiHHenHaa: (popMa MoaceT 6bitb npe^cTaBjieHa nx jinHefiHOH KOM6nHan,Hen. 

AjiropnTM BBinncjieHna 6a3HCHBix cpopM cbo^htch k nocTpoeHHio op6nTajioB b coot- 
BeTCTBHH c (popMyjioft (66). Ochobhoh hhkji ajiropnTMa HMeeT bhji;: 

1. ^onycTHM, hto y Hac ysce nocTpoeHBi op6nTajiBi Ai, . . . , A r _i n 6a3ncHBie cpopMBi 
A\, . . . , A r ~\- 

2. HmeM napy He npHHaflJiexcanryio k yace nocTpoeHHBiM op6nTajiaM. Ecjih 
TaKon napBi HeT, to ajiropnTM oxaHHHBaeT paGoTy. 

3. B npoTHBHOM cjiynae TeKyirniH op6nTaji ycTaHaBjinBaeM b BHjj;e A r = a 
MaTpnny TeKymeii cpopMBi — b BH/j;e A r = 0. 

4. ,H,o6aBji5ieM k A r Bee napti Bn^a {igk,jgk) A 713 Bcex nopojK^aroinnx 3JieMeHTOB g^ 
n npnMeHaeM Taxyio ace npoueixypy k hobbim sjieMeHTaM op6nTajia ^;o Tex nop, 
noxa HOBBie sjieMeHTBi He nepecTaHyT nosBjiaTBca. 

5. IlapajiJiejiBHo ctpohm MaTpnny A r no npaBHjiy {Ar) - = 1, ecjin G A r . 
Pe3yjiBTOM pa6oTBi ajiropnTMa HBjiaeTca nojiHBin 6a3nc nepecTaHOBOHHo HHBapnaHTHBix 

6lIJIHHeHHBIX CpOpM 

A\, . . . , .Ar. 

AjiropnTM BecBMa npocT. Hania peajiH3aHH5i npejj;cTaBji5ieT co6ofi He cko jibkhx ctpok Ha 

H3BIKe Ch. 

Henocpe^cTBeHHo H3 nocTpoemia cjie/xyeT To>Kjj;ecTBo 



At + A 2 H hi R = L L = U K 



(\ 1 ••• l\ 
1 1 ••• 1 

V 1 1 ••• V 



(67) 



rjj;e L — KOBeKTop BHjj;a (1, 1, . . . , 1), a Wn — "Mampuv^a U3 eduHuv^" pa3Mepa N x N. 
HacTHBiM cjiynaeM ToxcflecTBa (67) HBjiHeTCH cpopMyjia (64). 
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IlpoHjijiiocTpHpyeM pa6oTy ajiropHTMa Ha npHMepe rpynnbi Z3, fleHCTByromeH Ha 
MHoacecTBe Q = {1,2,3}. Tpynna nopoacflaeTCH o^hhm sjieMenroM, HanpHMep, g\ = 
(1, 2, 3). HaM Heo6xo/xHMo pacnpe^ejiHTb mhojkgctbo nap HH^eKcoB 

'(1,1) (i ? 2) (i,sr 

(2,1) (2,2) (2,3) 
v (3,l) (3,2) (3,3), 

no KjiaccaM 3KBHBajieHTHocTH b cooTBeTCTBHH c (popMyjioii (66). Ecjih HanaTB nocTpoe- 
Hne c jieBoro BepxHero yrjia Ta6jiHHbi (4.1) h HcxaTB Heo6pa6oTaHHbie napti b jieKCHKo- 
rpacpHnecKOM nopH/XKe, to op6HTajibi 6yzryT nocTpoeHbi b cjie^yromeM nopH/XKe: 

Ax = {(1, 1) , (2, 2) , (3, 3)} , A 2 = {(1, 2) , (2, 3) , (3, 1)} , A 3 = {(1, 3) , (2, 1) , (3, 2)} . 

CooTBeTCTByroinHH nojiHBiii 6a3Hc HHBapnaHTHBix cpopM HMeeT bh/j; 



A 1 




A, 



1 



SaMeTHM, hto b o6meM cjiynae, ecjin mbi ycjioBHMCH HanHHaTb paGoTy ajiropHTMa c 
napti (1,1) h rpynna G jj;eHCTByeT Ha Q TpaH3HTHBHO, to nepBofl 6a3HCHOH cpopMoft 
Bcer/ra 6yn;eT eflUHHHHaa MaTpnija A\ = Xn, cooTBeTCTByrouiaH TpHBnajiBHOMy op6n- 
Tajiy. B ,n,aHHOM npHMepe Bee 6a3HCHbie MaTpniibi KHBapnaHTHbix cpopM oKa3breaioTCH 
MaTpHinaMH npecTaHOBOK. 



4.2 CBH3b nepecTaHOBOHHO HHBapnaHTHbix cpopM 

c pa3JioxceHHeM Ha HenpHBO^HMbie KOMnoHembi 

HecMOTpa Ha npocTOTy nojiyneHHH nepecTaHOBOHHo HHBapnaHTHbie cpopMbi ^ocTaTOHHo 
HHcpopMaTHBHBi. PaccMOTpHM pa3Jio:aceHHe nepecTaHOBOHHoro npe^cTaBjieHHsi Ha Henpn- 
BO^HMbie KOMnoHeHTBi c noMom;i>io MaTpHHbi npeo6pa30BaHHH T. 3to pa3Jio>KeHHe fljia 
TpaH3HTHBHBix rpynn nepecTaHOBOK HMeeT bhjj; 



/l 



T- 1 P(( 7 )T 



U 2 (<?) 



m 2 



u 2 (<?) 



m Nlv 



Uiv Irr U) 



V 



g e G . 



U JV Irr (^) ) 



3,n,ecb iVi rr nojiHoe hhcjio pa3JiHHHbix HenpHBO^HMbix npe^cTaBjieHHH Ufc (Ui = 1) rpyn- 
nbi G, bxojxhuihx b nepecTaHOBOHHoe npe^cTaBjieHHe P, rrtfe — KpaTHOCTb no^npe^cTaB- 
jieHHH Ufc b npe^cTaBjieHHH P. 
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Han6ojiee o6myio nepecTaHOBOHHo HHBapnaHTHyio GnjiHHeHHyio cpopMy mojkho 3a- 
nncaTb b BH,n;e jiHHeHHOH KOM6HHaHHH 6a3HCHbix cpopM 



A = a\A\ + a 2 A 2 H h a R A R , 



(6* 



rjxe KoscpcpHirneHTbi at hbjihiotch sjieMeHTaMH HeKOToporo a6ejieBa HHCjioBoro nana J 7 . 
KoHKpeTHo 3to nojie onpe^ejiaeTca b xo^e BbiHHCJieHHft, KOTopbie 6yn;yT onncaHbi miace. 

Jlerxo noKa3aTb (cm. [5, 67]), hto b cncTeMe Koop^HHaT, paciHenjiaromeH nepecTaHo- 
BOHHoe npe^CTaBjieHHe Ha HenpHBCflHMbie KOMnoHeHTbi, cpopMa (68) 6yneT imeTb bwr 



(By 



T -i AT 



\ 



d 2 



B k <8> X dfc 



V 



(69) 



3^ecb (g) 03HaHaeT nponeKepoeo npou3eedenue MaTpnin Bk — MaTpnua pa3Mepa rrik x rrik 

3JieMeHTbI KOTOpOH npe^CTaBJI3K)T C060H JIHHeflHbie KOM6HHaHHH KOSCpCpHHHeHTOB di H3 

cpopiviyjibi (68), a rrik — KpaTHOCTb HenpHBCflHMOH KOMnoHeHTbi U^; T& k — e^HHHHHaa 
MaTpnua pa3Mepa d& x d^, rue d^ — pa3MepHocTb U^. H3 cTpyKTypbi MaTpHiibi (69) 
bh^ho, hto paHr R rpynnbi (t. e. pa3MepHocTb u,eHTpajiH3aTopHoro KOJibH,a) paBeH cyMMe 
KBa^paTOB KpaTHocTeii: R = 1 + m| + • • • + m 2 N . 

PacMOTpHM Tenepb onpeaejiHTejib det (A). B TepMiiHax nepeMeHHbix ax, ■ ■ ■ , clr stot 
onpe^ejiHTejib npencTaBjineT co6oii o^Hopo^Hbiii iiojihhom CTeneHH N. IIocKOJibKy onpe- 
^ejiHTejib cpopMbi He 3aBHCHT ot Bbi6opa cHCT6Mbi Koop^HHaT, a onpe^ejiHTejib Gjiohho 
^HaroHajibHofl MaTpnirbi paBeH npoH3Be^eHHio onpe^ejiHTejieft ee Gjiokob, to H3 pa3Jio- 
aceHHH (69) cjie^yeT 



det (A) = det (Bx) det (B 2 ) d2 • • • det (B, 



■ det (B 



3^,ecb mm Bocnojib30BajiHCb TOJK^ecTBOM det (X ®>Y) = det (X) m det (Y) n rjik KpoHe- 
KepoBa npoH3Be^eHHa: n x n MaTpHHbi X Ha m x m MaTpnuy Y. 

5Icho, hto det (Bk) npe^cTaBjiHeT co6ofi o^Hopo^Hbifi nojiHHOM CTeneHH rrik ot nepe- 
MeHHbix ax, ... , or: det (Bk) = Ek (ax, . . . , gir) . TaKHM o6pa30M, mm HMeeM cjieuyiomee 

yTBep>K/],eHHe. OnpedeAumeAb AuneuHou KOM,6uHav ) uu 6a3ucnux aiopM CAedym- 
uixiM o6pa30M pa3Aa2aemcfi na MnowcumeAU Had HenomopuM KOAbi^OM v j UKAomoMUHe- 
ckux yeAux nuceA 



AT Irr 



det ^ a iAi = Y[E k (ax, ■ ■ ■ , a R ) dk , deg E k (ax, ■ ■ ■ , a R ) = m k . 



(70) 



k=l 



3^ecb Ni rr — hhcjio pa3JiHHHbix HenpHBo^HMbix npe^cTaB jieHHH , bxo^hihhx b cocTaB 
nepecTaHOBOHHoro; Ek — HenpHBO^HMbiii nojiHHOM, cooTBeTCTByioH^Hii k-My HenpHBO^H- 
MOMy npe^cTaBjieHHio pa3MepHocTH d^, Bxo^ameMy b nepecTaHOBOHHoe npe^cTaBjieHHe 
c KpaTHocTbio rrik- Mm 6y^eM Ha3biBaTb HenpHBo^HMbie nojiHHOMbi Ek aAeMenmapHUMu 

MHOJKHTejIHMH . 
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H3 3Toro yTBepjK^eHHH cjie^yeT H/jesi ajiropiiTMa BBiHHCjieHHH HHBapHaHTHBix cpopivi 
b HenpHBO^HMbix no^npocTpaHCTBax nepecTaHOBOHHoro npeflCTaBjiemiH. 

BHanajie Heo6xo,n,HMo bbihhcjihtb hojihhom det(A), hto npeflCTaBjiaeT coGoft ajiro- 
pHTMH^ecKH oTHocHTejibHo Hecjio>KHyio 3a,n,aHy. B nacTHocTH, npaKTHHHtie ajiropHTMH, 
Hcnojib3yioiu;He rayccoBo HCKjnoneHHe, hmciot Ky6HHecKyio cjiojkhoctb no pa3MepHocTH 
nepecTaHOBOHHoro npe,n,CTaBjieHHH. 

3aTeM Heo6xo^HMo pa3Jio>KHTB nojiHHOM det (A) Ha MaKCHMajitHoe hhcjio HenpnBo- 

flHMBIX KOMnOHeHT. 3aMeTHM, HTO COBpeMeHHBie ajiropHTMBI (paKTOpH3ai];HH nOJIHHOMOB 

aBTOMaTHiecKH onpeiiejiHioT ajireGpannecKoe pacurnpeHHe paHHOHajiBHBix nnceji, o6ec- 
neHHBaioHree MaxcHMajiBHoe pa3JiojKeHHe Ha mhojkhtc jih . TaKoro po/j;a ajiropHTMBI Ha- 
3BmaioTCH ajiropHTMaMH " aBcojimm-Hou qianmopusaunu 11 . CyrnecTByeT GojiBHioe hhcjto 

npaKTHHHBIX peajIH3aHHH ajiropHTMOB CpaKTOpH3aU,HH nOJIHHOMOB, HMeiOTIIHX pa3JIHH- 
HBie OIpeHKH CJIOJKHOCTH 31 . 

TaKHM o6pa30M, nocTpoeHne pa3Jio>KeHHH (70) HBjiaeTcs ajiropHTMnnecKH peajiH3y- 
eMoii 3a^aHeH. PeniHB stj sa/jany mm HMeeM nojiHyio HHcpopMannio o pa3MepHocTsx h 
KpaTHOCTHX Bcex HenpHBOflHMBix no^npe^cTaBjieHHH. 3to jj,aeT onpe^ejieHHyio KOHKpe- 
TH3an;Hio cTpyKTypBi pa3Jio>KeHHa nepecTaHOBOHHoro npeflCTaBjieHHH Ha HenpHBo^HMBie 

KOMnOHeHTBI. 

Cne^yioiHHM ecTecTBeHHBiM HiaroM 6yn,eT nonBiTKa bbihhcjihtb hbho HHBapnaHT- 
HBie CKajiapHBie npoH3Be;ieHHJi Bk b HenpHBO^HMBix no/inpocTpaHCTBax nepecTaHOBon- 
Horo npe^CTaBjieHHH. J\jisi stoto HeoGxo/XHMO hckjhohhtb H3 paccMOTpeHHH mhojkhtcjib 

Ek ( di , . . . , aj{) , OTHOCHUIHHCH K KOMnOHeHTe Bk H npHpaBH2TB K HyjHO OCTajIBHBie MHO- 

>KHTejiH, t. e. Heo6xojxHMO 3anncaTB cncTeMy ypaBHeHHfi 

E 1 = --- = E k = --- = E Nlir = 0. (71) 

Ecjih Bee KpaTHocTH mi — 1 (npn co6jnojieHHH 3Toro ycjioBHH R = N\„ h neHTpa- 
jiH3aTopHoe kojibho KOMMyTaTHBHo) , to Bee nojiHHOMBi E{ jiHHeHHBi. B 3tom cjiynae 
BBiHHCjieHHe cxajiiipHBix npoH3Be^eHHH b HHBapnaHTHBix no^npocTpaHCTBax 6e3 Tpyzja 
MoaceT 6bitb ^OBe^eHO flo KOHii,a, nocKOJiBKy cbo^htch k penieHHio CHCTeMBi jiHHeiiHBix 
ypaBHeHHH. 

PaccMOTpHM fljiH npHMepa rpynny SL(2,3), onpe/iejiHeMyio KaK rpynna cneiniajiB- 
hbix JiHHeiiHBix npeo6pa30BaHHH flByMepHoro npocTpaHCTBa Ha,n; nojieM H3 Tpex 3jie- 
MeHTOB F3. 3Ta rpynna ncnojib3yeTCH b cpH3HKe sjieMeHTapHBix nacTHii, rji,e ee nacro 
o6o3HanaioT chmbojiom T' nocKOJiBKy OHa HBjiaeTCH /XByxxpaTHoii HaicpBiBaiOHieH rpyn- 
nBi CHMMeTpHH T = A 4 TeTpas/ipa. rpynna coctoht H3 24 sjreMenroB, ee SKcnoHeHTa 
paBHa 12. Mbi paccMOTpnM ee TOHHoe nepecTaHOBOHHoe /jeftcTBHe CTeneHH 8, KOTopoe 
mojkho nopo^HTB, HanpHMep, cjieixyioiiiHMH flByMH nepecTaHOBKaMH 

9l = (1,5, 3, 2, 6, 4) (7, 8) n g 2 = (1, 3, 7, 2, 4, 8) (5, 6) . 

IlepecTaHOBOHHoe npeflCTaBjiemie pa3MepHocTH 8 mbi 6ya;eM o6o3HanaTB chmbojiom 8. 

31 Jl^jisi noBtinieHHa: scpepeKTHBHOCTii mojkho nonbiTaTbca HanHcaTb cneu;HajiH3HpoBaHHbiH ajiropiiTM, 
yHHTbiBaiomHH tot cpaKT, hto b HaineM cjiynae nojiiiHOMbi pa3jiararoTCH Hafl KOjibu,aMH iraKjiOTOMine- 
ckhx i^ejibix, KOH/i,yKTopaMH KOToptix HBjiHiOTCH ^ejiHTejiH 3KcnoH6HTbi rpynnti. OflHaKO nojii>3a TaKOH 
pa6oTbi Tpe6yeT OT,n;ejibHoro iisy^ieHHs. 
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Cjie,ri;yioiri;He neTBipe MaTpHHBi, nojiyneHHBie BBiHHCjieHHeM op6HTajioB, cocTaBjinioT 



6a3Hc KojiBH,a ZR = ZR ^SL (2, 3) ^8 
/I 



nepecTaHOBOHHO HHBapHaHTHBix (popM 



Ai 



A, 



A 2 



V 



1 • 
1 1 



1 ■ 

1 1 



\1 



7 



v 

/• 

1 
1 
1 



7 



i i 



7 



Onpe^ejiHTejiB jiHHeftHOH KOM6HHanHH sthx MaTpim, 

A = «i^4i + a 2 A 2 + a 3 A 3 + CL4A4 

pa3JiaraeTC3 Ha jiHHeiiHBie mhojkht6jih Ha,a, kojibh,om HHKjioTOMHHecKHx uejiBix N 3 (06- 
paTHM BHHMaHiie Ha to, hto KOH^yKTop 3 — ,ri;ejiHTejiB SKcnoHeHTBi rpynnBi) 

det A = (ai + a 2 + 3a 3 + 304) 

{ai - a 2 + (1 + 2r) a 3 - (1 + 2r) a 4 } 2 

{-ai + a 2 + (1 + 2r) a 3 - (1 + 2r) a 4 } 2 

(a,! + a 2 - a 3 - a 4 f , (72) 

r,n;e r — hphmhthbhbih KopeHB H3 eflUHniiM 3-fi cTeneHH. H3 dpopiviyjiBi (72) Henocpe^;- 
CTBeHHO BH^Ha CTpyKTypa pa3JK»KeHHH nepecTaHOBOHHoro npe^cTaBjieHHH 8 Ha Henpn- 

BO^HMBie KOMnOHeHTBi: 

8 = 1©2©2'©3. 

HcKjnonaa jiHHeiiHBie MHCOKHTejiH, cooTBeTCTByrouiHe nocjie^oBaTejiBHO npe^CTaBjieHH- 
2M k = 1, 2, 2', 3, h npnpaBHHBas k Hyjuo ocTajiBHBie MHoaaiTejiH mbi nojiyHHM neTBipe 
CHCTeMBi H3 Tpex jiHHefiHBix ypaBHeHHft ot neTBipex nepeMeHHBix. 

PaccMOTpHM ^jih npHMepa noflnpe^cTaBjieHHe 2. ,U,jih stoh KOMnOHeHTBi cncTeMa 
ypaBHeHHfi (71) npHHHMaeT bh,h; 



«i + a 2 + 3a 3 + 3a 4 = 0, 
-ai + a 2 + (1 + 2r) a 3 - (1 + 2r) a 4 = 0, 
cl\ + a 2 — a 3 — a A = 0. 



(73) 
(74) 
(75) 
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JInHeftHMe ciiCTeMM Taxoro THna coctoht H3 R — 1 ypaBHeHHft, ho co^;ep>KaT R ne- 
peMeHHbix. IIocKOjibKy GHJiHHefiHaa: cpopMa (68) onHCBraaeT HeBL»ipo>K^;eHHoe CKajiapHoe 
npoH3Be^;eHHe, KoacpcpimiieHT eti npn ^HaroHajiBHoii 6a3HCHoft cpopMe He Mo>KeT o6pa- 
maTBca b Hyjib. IIo3TOMy a\ mojkho paccMaTpHBaTB xax napaMeTp h peniaTB cncTeMy 
ypaBHeHHH othocht6Jibho ocTajiBHBix nepeMeHHBix. B npHHHHne, KoacpcpHirneHT a\ mo- 
>KeT 6bitb npoH3BOjibHBiM (HeHyjieBBiM) napaMeTpoM, nocKOJiBKy 6opHOBCKan BepoHT- 

HOCTB He 3aBHCHT OT erO 3HaHeHHH. O^HaKO flJIH KaJKflOH HenpHBO^THMOH KOMnOHeHTBI 

Ufc pa3yMHo BBi6npaTB 3HaneHHe a\ = d^/N — npn TaKoii HopMHpoBKe cyMMa cKajinpHBix 
npoH3Be^;eHHH b HHBapHaHTHBix no,n;npocTpaHCTBax 6yn;eT paBHa cTaH^apTHOMy cKajiap- 
HOMy npoH3Be^eHHio b npocTpaHCTBe nepecTaHOBOHHoro npe^cTaBjieHHH. 

Peniaa jiKHefiHyio cncTeMy (73 — 75), ycTaHOBHB % = 2/8 = 1/4, mbi nojiyHHM 

1 l + 2r l + 2r 

« 2 - -4, a 3 - — , a 4 - - ljr . 

IIpHMeHSH aHajiorHHHyio npoHe,nypy ko BceM HenpHBO^HMBiM KOMnoHeHTaM mm npn- 
xoflHM k cjie^yiomeMy HaGopy CKajiapHBix npoH3Be^eHHH b HHBapHaHTHBix no^npocTpaH- 

CTBaX 

Bt =\ (Ai +A2 + A3 + A A ) = \u % , 

o 

r, 1 (a a 1 + 2r A 1 + 2r A 

B 2 =j Ui -A 2 —A 3 + —3— A A 

1 ( A A 1 + 2r A 1 + 21 ' , 

By =- IA1-A2+ ^—^3 —Aa 

B 3 =| ^1 + A 2 - ^A 3 - 

Jlerxo npoBepHTB , hto Hcnojib30BaHHaH hemh HopMHpoBKa K03(p(pHH,HeHTOB oGecneHH- 
BaeT Toac^ecTBo B\ + B2 + By + B3 — A\ = X§. HanoMHHM, hto bo Bcex no^;o6HBix 
3a^anax B\ He TpeGyeT bbihhc jieHHH , nocKOJiBKy CKajinpHoe npoH3Be^;eHHe b no^npo- 
cTpaHCTBe TpHBHajiBHoro npe^cTaBjieHHa Bcer^a HMeeT bh,h ^ . 

B cjiynae KpaTHbix noflnpeflCTaBjiemiii cHTyaHHH cyrixecTBeHHO ycjiojKHHeTca BBH^y 
HejiHHeltHOCTH cooTHOHieHHH. Bo mhothx KOHKpeTHBix npHMepax, npHMeHHH npneMBi ad 
hoc, y^aeTCH npoBecTH, aHajiorHHHo cjiynaio eflHHHHHBix KpaTHocTen, nojiHoe pa3Jio>Ke- 
HHe CKajinpHBix npoH3Be^;eHHH Ha HenpHBO^HMBie KOMnoHeHTBi . Bonpoc O TOM, MOJKHO 
jih pa3pa6oTaTB o6ihhh ajiropHTM rjik cjiynaa KpaTHbix noflnpeflCTaBjiemifi: Tpe6yeT 60- 
jiee rjiy6oKoro flonojimrrejitHoro H3yHeHHH. 



5 3aKjiK>HeHHe 

B ocHOBe flaHHofi cTaTbH jiejKHT npe^cTaBjieHHe o tom, hto jno6aa: npo6jieMa, HMeromaa: 
ocMBicjieHHoe SMnnpHHecKoe co^epxcaHHe, MoxceT 6bitb ccpopMyjinpoBaHa b KOHCTpyK- 
thbhbix, Gojiee Toro, KOHenHBix TepMHHax. HcKjnoneHHe aKTyajiBHBix GecKOHeHHocTeii H3 

OnHCaHHH CpH3HHeCKOH peajIBHOCTH, OCBo6o>K^aH OT MHOJKeCTBa TeXHHHeCKHX TpyZTHO- 

CTeft, rio3BOJiHeT cKOHipeHTpHpoBaTBCH Ha co^epjKaTejiBHoii cTopoHe <pH3HHecKHx 3a^aH. 

KpOMe TOrO, KOHCTpyKTHBHOCTB — Heo6xO^HMOe Tpe6oBaHHe flJIH CaMOH B03MOJKHOCTH 
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nocTpoeHHH KOMnt>ioTepHt>ix Mo^ejiefl <pH3HHecKHX CHCTeM. Mm TaKJKe npHflepacHBajincb 
npHHHHna skohomhoto BBe^eHna hobbix sjieMeHTOB b onncaHHH, T.e. MaTeMaTHHecKHe 
noHHTHH bbo/xhjihcb tojibko Tor/ra, Korjj;a ohh Gbijih peajibHo Heo6xo^HMBi (kohchho, 
c tohhoctbio jj;o Haiiiero noHHMaHHa npo6jieMBi) — GecKOHTpojiBHoe BBe/j,eHHe hobbix 
MaTeMaTH^ecKHx cTpyKTyp (hjih pacniiipeHiie cTaptix npocTo H3-3a bo3mo)khocth 0606- 
meHHa) 3aTpy^H5ieT oT^ejieHHe co^ep>KaTejiBHBix sjieMeHTOB onncaHHsi ot apTecpaKTOB. 

IIpH^epjKHBaJICB 3THX n03HHHH MBI paCCMOTpejIH KJiaCCHHeCKHe H KBaHTOBbie JXH- 
HaMHHeCKHe CHCTeMBI C HeTpiIBHajIBHBIMH CHMMeTpHHHBIMH CBOHCTBaMH. Oco6oe BHH- 

MaHHe Gbijio y^ejieHO o/XHOMy H3 HeHTpajiBHBix npHHHHnoB b <pH3HKe — npHHirnny Ka- 

JIH6pOBOHHOH HHBapHaHTHOCTH, KOTOpblH MBI nepeCpOpMyjIHpOBajIH B "KOHeHHOM" BH^e. 

Mbi paccMOTpejiH jj;eTepMHHHCTHHecKHe jxHHaMHiecKHe chctcmbi h oGcyziHjiH rpynnoByio 
npHpojxy cpopMHpoBaHHH coxpaHHiornHX cpopMy jxBHJKyniHXCH CTpyKTyp, nacTO HaGjiio- 
iiaeMBix b /XHHaMHKe TaKHX CHereM. Mbi o6cyjxHjiH Taxace KaKHM o6pa30M b jj;eTepMHHH- 

CTHHeCKOH /XHHaMHKe MOJKeT B03HHKHyTB yHHTapHOCTB, IipHCyiHaH CpyH^aMeHTajIBHBIM 

3aKOHaM npHpojjBi h jieacamaa b ochobc KBaHTOBo-MexaHHnecKoro noBe/ieHHH. 

KoHCTpyKTHBHBiii aHajiH3 KBaHTOBo-MexaHHHecKoro noBe^,eHH5i npHBOJXHT k cjie/ryio- 

mHM BBIBO^aM 

1. KBaHTOBaa MexaHiixa no-cymecTBy HBjiHeTCH anpuopnou MameMamuHecKou cxe- 

MOU B OCHOBe KOTOpOH JieJKHT npHHHHnHajIBHaH HeB03MO>KHOCTb npocjie/XHTB HiieH- 
THHHOCTB Hepa3JIHHHMBIX oGb-eKTOB B npOH,eCCe 3BOJIIOHHH COBOKynHOCTH TaKHX 
o6b.eKTOB. OaKTHHeCKH 3TO pa3^ejl KOM6HHaTOpHKH, KOTOpblH MOJKHO Ha3BaTB "uc- 

HUCAenueM nepa3AUHUMUx". 

2. JIio6a5i KBaHTOBo-MexaHKHecKaa npo6jieMa mojkct 6bitb cBe/ieHa k nepecmaHoe- 

KCLM. 

3. Keanmoeue unmepcfiepeHyuu sto HBjieHHH, Ha6jnojj,aeMBie b HHBapiiaHTHBix no/i- 
npocTpaHCTBax nepecTaHOBOHHBix npe/icTaBjieHHH h BBipaxcaeMBie b TepMHHax ne- 
pecmaHoeoHHUx uHeapuanmoe. 

4. HaTypajibHaa HHTepnpeTannH Keanmoeux aMUAumyd ("boah") k&k BeKTopoB xpa- 
THocTett BxojK^eHHH 3 jieMeHTOB , nojjBepraeMbix nepecTaHOBKaM, {"uacmuy") b co- 

BOKynHOCTB TaKHX 3 JieMeHTOB , npHBO/XHT K paViUOHCMlbHUM KBaHTOBBIM BepOHTHO- 

cthm. 3to corjiacyeTCH c Hacmorrmou UHmepnpemai^ueu BepoHTHOCTH /ijih KOHen- 

HBIX MHOJKeCTB. 

H/iea HaTypajiBHBix KBaHTOBBix aMnjiHTyn; BBirjiH/xHT BecbMa npHBjieKaTejibHofi. B nacT- 

HOCTH, OHa n03B0JI3eT HHTepnpeTHpOBaTb SJieMeHTBI MHOJKeCTBa HepaSJIHHHMblX o6T.eK- 

tob, Ha KOTopbix rpynna CHMMeTpHft jjeftcTByeT nepecTaHOBKaMH, KaK "nacmui^u", a Bex- 
TopBi KpaTHocTefi BxojKiieHHH sthx oGt-cktob b aHcaMGjiB KaK " ooahu". 3t& H/iea Bejj;eT 
k npocToii h caMocorjiacoBaHHofi KapTHHe KBaHTOBoro noBejj;eHH5i. OHa, o/xHaKo, Tpe6yeT 
npoBepKH. Ecjih Hj^es BepHa, to KBaHTOBbie HBjieHHa b pa3JiHHHBix HHBapnaHTHBix nojj;- 

npOCTpaHCTBaX npe^CTaBJIHIOT CoGoil pa3JIHHHBie npOHBJieHHH — BHJJ^HMBie B pa3JIHHHBIX 

"HaBAmdameAhHux (3KcnepuMeHmaAbHux) ycmaHoenax" — e/XHHoro npon;ecca nepecTa- 

HOBOK OJXHOH H TOH >Ke COBOKynHOCTH oGb-eKTOB. ^aHHBie, OTHOCHHi;HeC5I K pa3JIHHHBIM 

HHBapnaHTHBiM nojj;npocTpaHCTBaM nepecTaHOBOHHoro npe,ri;cTaBjieHH5i, Tpe6yioT HHTep- 
npeTan;HH. HanpHMep, TpHBHajiBHoe o/j;HOMepHoe nojj,npejj;cTaBjieHHe jnoGoro nepecTaHO- 
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BOHHoro npe^cTaBjieHHH mojkho HHTepnpeTHpoBaTb k&k "chcuihuk uacmuy": nepecTaHO- 
bohhbih HHBapHaHT L |\j (u), cooTBeTCTByioiirHH 3TOMy no^npe^cTaBjieHHio, npe,n;cTaB,naeT 
co6oii nojiHoe hhcjio HacTHii; b aHcaM6jie. HHTepnpeTauHH ^aHHtix, othochihhxch k ,npy- 
thm HHBapnaHTHBiM noflnpocTpaHCTBaM, Tpe6yeT ^ajiBHeiiinero H3yneHHH. 

Bjiaro^apHOCTH 

Abtop Gjiaro^apeH C.A. A6paMOBy, 10. A. BjiHHKOBy, C.H. BumiuKOMy, B.n. Tep^Ty, 
B.B. HBaHOBy, B.C. Mejieacnxy h A. A. MuxajieBy 3a o6cy>K^;eHHe pe3yjiBTaTOB, h3jio- 
jKeHHBix b CTaTbe. Pa6oTa nacTHHHO no^mepacHBajiacb rpaHTaMH Pocchhckoto OoH^a 
OyH^aMeHTajiBHBix HccneflOBaHHH 01-01-00200 h MiiHiicTepcTBa 06pa3OBaHHH h Ha- 
y KH P<1> 3802.2012.2. 

A OGte^HHeHHe npocTpaHCTBeHHbix h BHyTpeHHHx 

CMMMCTJ)H l\ 

B o6meM cjiynae, b KanecTBe chmmctphh MHOJKecTBa coctohhhh Q mojkho paccMaTpn- 
BaTB npoH3BOJibHyio no^rpynny CHMMeTpHHecKoft rpynnBi Sq. O^HaKO, ecjiH TpeGyeTCH, 

HTo6bI ^JI3 ^HHaMHHeCKHX CHCTeM C IipOCTpaHCTBOM H JIOKajIbHblMH COCTOHHHHMH, rpyn- 

na CHMMeTpHil G 6bijia CKOHCTpyHpoBaHa H3 rpynn F h T, to HeoGxo^HMO CHa6^HTb rpyn- 
noBofi CTpyKTypofi ^exapTOBO npoH3Be,n;eHHe r x <8> F. 3^ecB T x — mhojkcctbo (pyHKHHii 
Ha npocTpaHCTBe X co 3HaneHHHMH b rpynne BHyTpeHHHx CHMMeTpHfi T. TaKHM o6pa- 
30m, KajK^biH 3jieMeHT ueG npe,n;cTaBjiaeT coGofl napy u = (a(x), a) , r^;e a(x) G r x 
h a G F. EcTecTBeHHo npe^nojiojKHTb, hto pe3yjibTaTOM fleiicTBHH npocTpaHCTBeHHbix 
CHMM6TpnH Ha cpyHKHHH H3 r x hbjihiotch TaKace ajieMeHTbi T x . 3to 03HanaeT, hto rpyn- 
na T x ^ojiJKHa 6bitb nopMa/ibHUM deJiumeJieM hckomoh rpynnbi G, T.e. G npe^cTaBjineT 
co6oii paciuupenue rpynnbi F c noMoinbio rpynnbi T x . Ecjih ^ajiee npe^nojiojKHTb, hto 
CHMMeTpHH npocTpaHCTBa BKjia^BiBaioTCH b nojiHyio rpynny G KaK no^rpynna, to no- 
jiynaeTCH nacTHbiii THn pacrnnpeHHH Ha3biBaeMbix pasjiostcuMUMU. 

Han6ojiee BaJKHBifl npHMep pa3Jio)KHMoro pacniHpeHHH npe^CTaBjiaeT co6ofl cnyie- 
menue, BBenemioe Ha cTp. 16. 3to KOHCTpyicnHsi a^eKBaTHa npHHirnny KajinGpoBOHHoft 
HHBapnaHTHocTH. B cpH3HHecKHx Teopnax oGbihho npe,n;nojiaraeTCH H63aBHCHMocTB npo- 
cTpaHCTBeHHbix H BHyTpeHHHX CHMMeTpHH, HTO npHBO^HT K Gojiee npOCTOH KOHCTpyKHHH 

pa3Jio>KHMoro pacniHpeHHH, a HMeHHo, k npsiMOMy npou3eedeHuw G = T x x F. ,H,eHCTBHe 
h rpynnoBoe yMHoaceHHe ^jih npHMoro npoH3Be^eHH5i hmciot bh,h, 

<t(x) (a (x), a) = a (x) a (x) , 

(76) 

(a(x), a)(/3(x), b) — (a (x) /3 (x) , ab) . 
Cjie^yiomee yTBepxc^eHHe o6o6uiaeT o6e sth KOHCTpyKHHH : 

JJk>6ou aHmu20MOMopcf)U3M fi : F — > F (mepMun "a,HmueoMOMop(f)U3M" 03HaHaem, umo 
fj,(a)fi(b) = fi(ba)) spynnu npocmpaHcmeeHHux cuMMempuu onpedeAsiem K/iacc aneuea- 
jienmnocmu pmAootcuMux spynnoeux pacuiupenuu 

l^r x ^G^F^l. 
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9Keuea/ieHmHocmt> onucueaemcsi npou3eojihHou gjyHKyueu k : F — > F. OcHoenue zpyn- 
noeue onepayuu — deucmeue na S x , spynnoeoe yMHOWcenue u 63Hmue odpamnoso 3Jie- 
Mewma — UMewm CAedymvu^uu hbhuu eud: 

a(x) (a (x), a) = a {xfi{a)) a (xk,(o)) 
(a (x), a) ((3 (x), b) = (a (xAt(a6) _1 /i(^) K ( a )) P (x^ab) -1 n(b)) , ab) , 

(a(x), a) _1 = ^ik (a" 1 ) 1 /i(a) _1 K(a) j , a 

3to yTBepac^eHHe nojiynaeTCH cneHHajiH3aHHeH oGmeii KOHCTpyKHHH pa3Jio>KHMbix 
pacniHpeHHii rpynnbi F rpynnoii H (cm., HanpiiMep, [21]) Ha cjiynan, Kor^a H npefl- 
CTaBjuieT co6oii rpynny r-3HaHHbix (pyHKHHH Ha X, a F ^eiicTByeT Ha apryMeHTax sthx 

(pyHKHHH. 3KBHBajieHTHOCTb paCHIHpeHHH C OflHHM H TeM TKe aHTHrOMOMOp(pH3MOM fi 
HO C pa3JIHHHBIMH CpyHKHHHMH K BBipaJKaeTCS CJie^yiOHjeH KOMMyTaTHBHOH ^HarpaMMofi 

i > r x ► g ► f ► i 



> F ► 1 

r^e OTo6paaceHHe K HMeeT BH,zr. K : (a(x), a) y [a (xn(a)), a) . 

CTaH^apTHbie cnjieTeHHe h npHMoe npoH3Be^;eHHe nojiynaiorcH H3 stoh o6m;eH koh- 

CTpyKHHH BBl6opOM aHTHrOMOMOp(pH3MOB n(d) = a _1 H fl(a) = 1, COOTBeTCTBeHHO. MtO 

KacaeTca npoH3BOJiBHOH cpyHKHHH k, b MaTeMaTHHecKofl jiHTepaType oGbihho Hcnojib3y- 
iotch n(a) = a -1 ,zijih cnjieTeHHH h n(a) = 1 ^jih npHMoro npoH3Be^eHHH. B cpopMynax 
(20-22) h (76) Mbi Hcnojib30BajiH KaK pa3 sth (pyHKHHH. 



K 

1 > F x > G' 



B CTpyKTypHMH aHajIH3 ^HCKpeTHMX OTHOIIieHHH 

MeTo^Bi aHajiH3a coBMecTHocTH, Taxne KaK BbiHHCJieHHe 6a3HcoB Tpe6Hepa hjih npHBe- 

^eHHe B HHBOJHOHHIO, HIHpOKO HCnOJIb3yK)TC5I flJIH H3yHeHHH CHCTeM nOJIHHOMHajIBHBIX 

h flHcpcpepeHHHajibHbix ypaBHeHHfi. B stom npHjioaceHKH mbi pa3BHBaeM aHajiorHHHyio 
TexHHKy ^HCKpeTHbix CHCTeM [24, 25]. JXjis HjijHocTpan;HH bo3mojkhoctgh Haniero 
no^xofla Mbi npHBO^HM ero npHjioaceHHa k H3yHeHHio KjieTOHHbix aBTOMaTOB. 

PaccMOTpHM ^eKapTOBO npoH3Be^eHHe S n = Si x £ 2 x • - • x S n , T.e. mhojkcctbo 
KopTeacefi (bcktopob) BH^a (<Ji, o"2, . . . , cr n ), r,ne Oi G £j ^;jih KaJK^oro i. n-apnuM orrmo- 
menueM Ha3biBaeTca jnoGoe no^MHOJKecTBO n-MepHoro rnnepnapajuiejienHnefla S n . Mbi 
npe^nojiaraeM, hto Bee — KOHeHHbie MHOJKecTBa, cocTOHiiiHe H3 qi = |Ej| sjicmchtob, 

KOTOpbie Mbi GyfleM Ha3bIBaTb COCmORHUHMU. 

Mbi MOJKeM HHTepnpeTHpoBaTB n H3MepeHHH rHnepnapajuiejienHnefla S n KaK mhojkc- 
ctbo ToneK X = (x\,X2, . . • , x n ). fljift toto, hto6bi npeBpaTHTb sto H3HaHajibHo aMopcp- 
Hoe MHCOKecTBO b "npocTpaHCTBo" Hy>KHO CHa6^HTb X HeKOTopofi CTpyKTypofl , onpe,ri;e- 
jiHromeH cTeneHb "6jih30cth" ^pyr k jxpyry pa3JiHHHbix tohck. no^xo^iiHi;eH ^jih sthx 
n;ejieH MaTeMaTHnecKofi KOHCTpyKii,HeH HBjiaeTca aGcTpaKTHbifi cHMnjiHii;HajibHbiH kom- 
njieKC. HaTypajibHaa KOHuenHHH npocTpaHCTBa npe^nojiaraeT o^Hopo^HOCTb ero tohck. 
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3to 03HaHaeT, hto cyrnecTByeT rpynna chmmctphh, fleftcTByiomaH TpaH3iiTiiBHo Ha X, 
T.e. HMeeTca bo3mojkhoctb "nepeMeuiaTB" cbo6o^ho tohkh ixpyr b /xpyra. O/XHopo/XHOCTB 

B03MOJKHa TOJIbKO eCJIH BCe Ej 3KBHBajieHTHBI. IlyCTB E 03HaHaeT KJiaCC SKBHBajieHTHO- 

cth. Mbi MOJKeM npe^CTaBHTB E KaHOHHiecKH b BH^e E = (0, . . . ,q — 1), q = |E|. 

Ecjih hhcjio coctohhhh — CTeneHB npocToro HHCJia, T.e. q = p m , mbi MoxceM CHaGiXHTB 
MHOJKecTBo E flonojiHHTejiBHo CTpyKTypoii nojia Tajiya F q . BocnojiB30BaBHiHCB cpyHKinr- 

OHajIBHOH nOJIHOTOH nOJIHHOMOB Ha/J, KOHe HHBIMH nOJIHMH [47], MBI MOJKeM npe^CTaBHTB 

jiio6oe /c-apHoe oTHoniemie Ha E b BH,n;e MHOJKecTBa Hyjieii HexoToporo nojiHHOMa H3 

KOJIBII,a F q [X\, %2, ■ ■ ■ , X n ]. TaKHM o6pa30M, MHOJKeCTBO OTHOHieHHH MOJKHO peajIH30BaTB 

b BH^e CHCTeMBi nojiHHOMHajiBHBix ypaBHeHHii. Xoth Taxoe npe^cTaBjieHHe He aBjiaeTca 
Heo6xo^HMBiM (h He pa6oTaeT, ecjiH Ej — pa3JiHHHBie MHoacecTBa hjih q He HBjiaeTca 
CTeneHBio npocToro HHCjia), oho nojie3HO BBH/xy Haniefi npHBBiHKH k pa6oTe c nojiHHO- 
MaMH h bo3mojkhocth HcnojiB30BaTB pa3BHTBie cpejj;cTBa nojiHHOMHajiBHOH ajire6pBi, B 
nacTHocTH, 6a3HCBi rpeGHepa. 

B.l OcHOBHbie onpe^ejieHHH h KOHCTpyKii,HH 

IIOMHMO CHMnjieKCOB, HBJI5HOUXHXC5I BBm&JieHHBIMH nOflMHOJKeCTBaMH MHOJKeCTBa X, MBI 

6yneM paccMaTpHBaTB npou360AbHue MHoacecTBa Tonex H3 X. Ajih KpaTKoc™ MHOJKe- 
CTBa, coj^epacauxHe k Tonex mbi 6yn;eM Ha3BiBaTB Zc-MHOJKecTBaMH. HMea ^ejio c cncTe- 

MaMH OTHOHieHHH, Onpe^ejieHHBIX Ha pa3JIHHHBrX MHOJKeCTBaX TOHeK, HaM HeoGxo^HMo 

ycTaHOBHTB cooTBeTCTBHe Me>K^;y TOHKaMH h pa3MepHocTSMH rnnepKy6a E fc . J^jis stoto 
mbi 6yjj;eM HcnojiB30BaTB 3KcnoHeHHHajiBHBie o6o3HaHeHHH. 06o3HaHeHHe E^^ cpHKCH- 
pyeT E Kax mhojkcctbo 3HaneHHH tohkh Xi. JXjik /c-MHoxcecTBa 5 = {x^, . . . ,Xi k } mbi 

bbojxhm o6o3HaneHHe E 5 = E^ 11 } x • • • x E^ 2 ^}. Mbi 6yn,eM Ha3BmaTB mhojkcctbo to- 
neK 5 o6Aacmt>K) onpedeAenun OTHOHieHHH R 8 , ecjiH R s C E 5 . BecB rnnepKy6 E" 5 mbi 
6yneM Ha3BiBaTB mpueua/ibHUM oTHonieHneM. SaMeTHM, hto OTHOHieHHH BecBMa 3ko- 
homho npe^cTaBjiaioTCJi b naMSTH KOMnBioTepa Ghtobbimh ctpokbmh, a MaHHnyjisHHH c 
OTHonieHHHMH scpcpeKTHBHO peajiH3yK>TCH Ghtobbimh onepaHHHMH H3 6a30Boro Ha6opa 
npoueccopHBix KOMaHii,. 

B.l.l OTHOineHHa 

TaKHM o6pa30M, Mbi HMeeM 

Onpe^ejieHHe 1 (oTHOHiemie). OmnoiueHueM R s Ha MHOJKecTBe Tonex 
5 = {xi iy . . . ,Xi k } Ha3BiBaeTCH jno6oe no/XMHOJKecTBo rnnepKy6a E 5 , T.e. R 5 C E 5 . 

OTHOHieHHe R 6 MO>KHO OTOJK^eCTBHTB C 6yjieB03HaHHOH (xapaKTepHCTHHecKoii) 
cpyHKHHeii R s : E 5 {0, 1}. 

BaJKHBiii cnei^HajiBHBiH cjiynaii OTHOHieHHH: 

Onpe/i,ejieHHe 2 (cpyHKii;HOHajiBHoe OTHOHieHHe). OTHOHieHHe R s Ha MHOJKecTBe to- 
neK S = {x^ , . . . , Xi k } Ha3BiBaeTC3 (pyHKi^uonaJibHUM, ecjin cymecTByeT no3Hii,HH 
p e (l,...,k), Taxaa, hto ^jih jiio6bix a h ,. . ., a ip _ ± , a ip+1 , . . . , a ik , q, t e E 
H3 (a h , . . . , a ip ^,q, a ip+1 , . . . , a ik ) E R 8 h (a h ,. . . , (t^t, a ip+1 , a ik ) G R 8 
cjie^yeT <; — r. 

Ecjih HHTepnpeTHpoBaTB tohkh npocTpaHCTBa Kax nepeMeHHBie, to (pyHKii^HOHajiBHoe 
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OTHonieHiie mojkho HanncaTb b BH^e 

x ip = F (x il} . . .fX^Xi^v ■ ■ -, x i k ) , me F : E^i^x E . 
HaM noTpe6yeTca B03M(»KHOCTb pacrnnpHTB OTHonieHHS c MHoacecTBa ToneK Ha ero 

Ha^MHOJKeCTBO: 

Onpe/],ejieHHe 3 (pacniHpeHHe OTHonieHna). ,TI,Ji2 ^aHHoro MHOJKecTBa Tonex 5, ero 
ncflMHOJKecTBa r C 5 h OTHorneHHH R T Ha r mbi onpe^ejiaeM paciuupenue OTHonieHHH 
R r cjie^yiomHM o6pa30M 

R s = R T x E^ T . 

3to onpe^ejieHHe no3BOJiHeT, b nacTHocTH, npHBecTH othohi6hhh R Sl , . . . , R Sm , onpe- 
^ejieHHBie Ha pa3HBix o6jiacTHx, k oGmeft o6jiacTH onpe^ejieHHH, T.e. k oGte^HHeHHio 
<L U • • • U Si . 

<>1 b m 

JIorHHecKHe cjie^cTBHH oTHorneHHH onpe,ri;eji5HOTC5i ecTecTBeHHBiM o6pa30M: 
Onpe/i,ejieHHe 4 (cjie^cTBHe OTHorneHHH) . OTHorneHHe Q s Ha3BiBaeTca cJiedcmeueM 

oTHorneHHa R s , ecjiH R s C Q s C E 5 , T.e. Q s — npoH3BojiBHoe HadMHocncecmeo MHoxce- 

CTBa R s . 

OTHorneHHe R s MoaceT HMeTb MHoro pa3JiHHHbix cjie^cTBHli: hx nojiHoe hhcjio paBHo, 

I y*5 I I r>5 I 

oneBH^HO, 21 II I. 

IlpH aHajIH3e CTpyKTypBI OTHOHieHHH BaXCHO BBIHejIHTB CJieflCTBHH, KOTOpBie MOJKHO 
CBeCTH K OTHOHieHHHM Ha MeHBHIHX MHOJKeCTBaX TOHeK! 

Onpe/],ejieHHe 5 (co6cTBeHHoe cjie^cTBHe) . HempueuajibHoe OTHorneHHe Q T Ha3Bma- 
eTca co6cmeeHHUM cAedcmeueM oTHorneHHs R s , ecjiH r — co6cmeeHHoe nodMHocncecmeo 
MHOJKecTBa S (T.e. r C 5) h OTHorneHHe 

Q T x E 5 ^ 

HBJIHeTCH CJie^CTBHeM OTHOHieHHH R S . 

OTHorneHHH, He HMeioiHHe co6cTBeHHBix cjieflCTBHii, Mbi 6yn,eM Ha3BiBaTB npocmuMU 
omHomeHUHMU. 

B.1.2 CoBMeCTHOCTb CHCTeM OTHOnieHHH 

CoBMecTHocTb HecKOJibKHx OTHorneHHH ecTecTBeHHo onpe^ejiHTb Kax nepeceneHHe pac- 
HinpeHHH 3thx OTHorneHHH Ha hx o6rrryio oGjiacTB onpe^ejieHHH: 

Onpe/i,ejieHHe 6 (6a3HCHoe OTHorneHHe). Bcl3uchum orrmoiueHueM cncTeMBi otho- 

HieHHH R Sl , . . . , R Sm Ha3BIBaeTCH OTHOHieHHe 

m 

R s = pi R s * x E 5 \ 5 \ r fl e S = |J Si . (77) 

t=l i=l 

B nojiHHOMHajiBHOM cjiynae, xor^a q = p n , cTaH^apTHBiM cpeflCTBOM aHajiH3a coBMecT- 
hocth HBjiHeTCH MeTo^i; 6a3HcoB rpe6Hepa. Othochtcjibho cbh3h 6a3HcoB Tpe6Hepa c 
HaniHM onpe^ejieHHeM mojkho c^ejiaTb cjie^yioiirHe 3aMenaHHH: 

• B oTjiHHHe ot 6a3Hca Tpe6Hepa, kotopbih o6bihho npe^cTaBjiaeT coGoii cncTeMy 
nojiHHOMOB, ycjioBHe coBMecTHocTH, BBipa>KaeMoe 6a3HCHBiM oTHonieHHeM , Bcer^a 
mojkho npe^cTaBHTB eduHcmeeHHUM nojnmoMOM. 
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• JIio6oh bo3mo>khl»ih 6a3Hc rpe6Hepa cncTeMbi OTHoineHHii R Sl , . . . , R 5m , npe^cTaB- 
jieHHbix nojiHHOMaMH, aBjiHeTCH HeKOTopofl KOM6HHaniieH cAedcmeuu 6a3HCHoro 

OTHOHieHHH . 

B.1.3 ^eKOMno3Hii,H5i OTHoineHHii 

EcjIH OTHOHieHHe HMeeT Co6cTBeHHbie CJie^CTBHH, TO MOJKHO IIOnBITaTBCH npe^CTaBHTb 

ero b Bime KOM6HHan;HH sthx cjie^cTBHH, T.e. oTHorueHHH Ha MeHbiHHx MHoxcecTBax to- 
neK. ^Jia 3Toro Mbi bbo^hm cjieflyiomee onpe^ejieHHe. 

Onpe/i,ejieHHe 7 (itaHOHHHecKasi ^eKOMno3HHHJi). KanoHUHecKou deKOMnosuv^ueu 
OTHoineHHH R s , HMeiomero co6cTBeHHBie cjie^cTBHH Q Sl , . . . , Q Sm , Ha3biBaeTca npe^cTaB- 
jieHHe R 5 b BH,n;e 

R s = P 5 p| (^)Q S * x E^* j , (78) 

r,ne cpaKTop P s onpe^ejiaeTca cjie^ryioiHHM o6pa30M: 

Onpe/i,ejieHHe 8 (rjiaBHbifi cpaKTop). FAaenuM cfiaKmopoM OTHoineHHii R s , HMeio- 
mero coGcTBeHHbie cjieflCTBHa Q Sl , . . . , Q Sm , Ha3biBaeTcs oTHoineHne 

X 5 \ pi Q 5i x x^ 

i=i 

rjiaBHbifi cpaKTop npe^cTaBjiaeT co6ofi MaKCHMajibHO "cBoGo^Hoe", T.e. HaH6ojiee 6jiH3Koe 
k TpHBHajibHOMy, OTHOineHHe, no3BOJiaioiu;ee b KOM6HHanHH c co6cTBeHHbiMH cjie^cTBH- 

5TMH BOCCTaHOBHTb HCXOflHOe OTHOineHHe . 

ECJIH rjiaBHblii (paKTOp B KaHOHHHeCKOfi ^eKOMn03HHHH TpHBHajieH, TO OTHOHieHHe 
MOJKHO nOJIHOCTbK) CBeCTH K OTHOHieHHHM Ha MeHbHIHX MHOJKeCTBaX TOHeK. 

Onpe/],ejieHHe 9 (npHBo^HMoe OTHOHieHHe). OTHOHieHHe R 5 Ha3biBaeTca npueodu- 
mum, ecjiH ero mojkho npe^cTaBHTb b BH^e 

m 

R? = f) Q Sl x , (79) 

i=l 

rjj;e Si — coGcTBeHHbie noflMHoacecTBa S. 

3to onpe^ejieHHe flaeT B03M0>KH0CTb BBecra " monojiozuw" , T.e. cTpyKTypy a6cTpaKT- 
hoto CHMnjiHHHajibHoro KOMnjiexca c cooTBeTCTByioiHHMH TeopHHMH roMOjiorHfi, Koro- 

MOJIOrHH H T.fl., Ha npOU360JlbHOM 77,-apHOM OTHOHieHHH R C Y7 1 . J\jl3. STOTO Hy>KHO 

1. Ha3BaTb H3MepeHHH rnnepKyGa S n "TOHKaMn" x±, . . . , x n £ X; 

2. pa3JioJKHTb OTHOHieHHe R (xoTopoe Tenepb mojkho o6o3HaHHTb KaK R x ) Ha nenpu- 
eoduMue KOMnoHeHTbi; 

3. o6b.HBHTb o6jiacTH onpe^ejieHHH HenpHBO^HMbix KOMnoHeHT OTHorueHHH R x mcik- 
cuMdAbHUMU cuMnAeKcaMU CHMnjiHUHajibHoro KOMnjiexca. 




60 



B.2 IlpHJIOXCeHHe K HCCJie^OBaHHK) KJieTOHHMX aBTOMaTOB 
B.2.1 KjieTOHHbiii aBTOMaT JJjk. KoHBea Life 



ABTOMaT KoHBea Life bxo^ht b ceMeiicTBo 2-MepHBix 6nHapHBix (T.e. S = {0, 1} ; q = 2) 
KjieTOHHBix aBTOMaTOB c npaBHjiaMH, 3a^aHHBiMH Ha oKpecTHocTH Mypa 3x3. KBafl- 
paTHaa perneTKa c TaKoft OKpecTHOCTbio MoaceT 6bitb npe^cTaBjieHa 8-BajieHTHbiM (8- 
peryjiapHbiM) rpacboM. LTpaBHjro aBTOMaTa Life onncBiBaeTCH cjie/xyioriiHM o6pa30M: KjieT- 
Ka (BepniHHa rpacba) "pojKflaeTca", ecjin HMeeT pobho 3 "jkhbbix" coce^a, "BbiacHBa- 
eT", ecjin HMeeT 2 hjih 3 "jkhbbix" coce^a h "yMHpaeT" bo Bcex ocTajibHBix cjiynaax. 

CHMBOJIHHeCKH 3TO npaBHjio MOJKHO 3anHcaTB B BH^e cnncKa "pOJK^eHHe"/"BBI>KHBaHHe" 

KaK B3/S23. flpyrwe npHMepbi aBTOMaTOB H3 stoto ceMeflcTBa — HighLife (npaBHjio 
B36/S23) Day&Night (npa B HjioB3678/S34678). 

/Lra o6o6meHHH 3Toro rana npaBHji mm onpeflejiaeM k-eajieHrrmoe npaeuAo Life KaK 
Bunapnoe npaBHjio Ha OKpecTHocTH fc-BajieHTHoro rpacba (mbi 6yn,eM o6o3HanaTB neH- 
TpajibHyio BepniHHy stoto rpacba chmbojiom x k +i, a cMeacHbie c Heft BepniHHM, cooTBeT- 
CTBeHHo, xi, . . . ,Xk), 3a^aBaeMoe ^bjms npou360At>HUMU noflMHoacecTBaMn MHoxcecTBa 
{0,1, ... ,k}. 3th no^MHOJKecTBa B, S C {0,1, ... ,k} co^epxcaT ycjioBHH nepexo^oB 3a 
oflra niar no BpeMeHH Xk+i — > x'k+i Bi ma — > 1 h 1 — > 1, cooTBeTCTBeHHo. LTocKOJiBKy 
hhcjio no^MHoacecTB jnoGoro KOHeHHoro MHOJKecTBa A paBHo 2^1 a pa3AUHHue napbi 
B/S onpe^ejiHioT pa3AUHHue npaBHjio, to nojiHoe hhcjio pa3JiHHHbix npaBHji paBHo 

N B/Stk = 2 k+1 x 2 fe+1 = 2 2fe+2 . (80) 

BBe^eM jjpyroe onpe^ejieHHe: k-cuMMempuHHtlM q-apnuM npaeuAOM Ha3biBaeTca 
npaBHjio Ha /c-BajieHTHoft OKpecTHocTH, CHMMeTpHHHoe OTHOCHTejibHO rpynnti Bcex 
nepecTaHOBOK k BHeniHHX BepniHH OKpecTHocTH. HeTpyznio no^cnHTaTB nojiHoe hhcjio 
Bcex pa3JiHHHBix Zc-CHMMeTpHHHBix g-apHBix npaBHji: 

N g ,s k = q^ q ■ (81) 

Mbi bhjxhm, hto npn q = 2 nncjia (80) h (81) coBna^aioT: Ns/s,k = ^2,s k - TaKHM 
o6pa30M, jno6oe fc-CHMMeTpnnHoe 6nHapHoe npaBHjio mojkho 3anncaTb b cbopMe cnncKa 
' 'po>K^;eHHe' '/ "BbiJKHBaHne' '. 

JIoKajibHoe oTHomeHne aBTOMaTa Life, KOTopoe mbi 6yn;eM o6o3HanaTB chmbojiom 
i?Lif e 5 onpe^ejieHO Ha 10-MHoacecTBe 5 = {x±, . . . , x w }: 




r^e TonKa x 10 = x' g oTOJKji;ecTBjiHeTca: c "tohkoh Xg b cjie/xyrornHH momcht BpeMeHH". 
LTo nocTpoeHHio, tohkh 10-MepHoro rnnepKyGa npHHa,ziJie>KaT othohichhio -R^ife' T.e. 
(xi, . . . , Xio) G Riif e , b cjie/xyioriiHX cjiynaax: 

1- (Eliii = 3)A(i 10 = l) , 
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2 - Ei=i x « = 2) A (z 9 = xio) , 

3. X10 = 0, ecjiH He BBinojiHHeTCH hh cflHO H3 npe^BLnyinnx ycjiOBHH. 

HhCJIO SJieMeHTOB OTHOHieHHH paBHO \R[ iU \ =512. OTHOHiemie R 5 Li{e , KaK h b cjiynae 
jiio6oro KjieTOHHoro aBTOMaTa, aBjiaeTca (pyHKi^uonaJibHUM: cocToamie tohkh x 10 o^ho- 
3HaHHO onpe^ejiaeTca coctohhhhmh ^pyrnx ToneK. Ecjih ^onojiHHTejibHO CHa6^HTb mho- 
>KecTBO E = {0, 1} CTpyKTypott nojiH F2, to OTHomeHiie -R^ife mcokho 3anncaTB b BH^e 
nojiHHOMa H3 KOJibu,a F2 [x\, . . . ,x\o\. 3to no3BojiHeT npoBecTH Hccjie^oBaHne aBTOMa- 
Ta KaK HaniHM mcto^om CTpyKTypHoro aHajiH3a, TaK h nojiHHOMHajiBHBiMH MeTo^aMH. 
ripHBe^eM cpaBHeHiie Hainero no^xo^a c MeTo^oM 6a3HcoB Tpe6Hepa. 
IIojiHHOMHajiBHoe npe^cTaBjieHHe oTHoineHHH -R^ife HMeeT bh,h, 

Pme = x 10 + x 9 (n 7 + n 6 + n 3 + n 2 ) + n 7 + n 3 , (82) 

r,n;e life = life (x\, . . . , Xs) — fc-fl ajieMenmapHuu cuMMempuuecKuu uojiuhom onpe,n;e,nHe- 
mbih fljiH n nepeMeHHBix x±, . . . , x n cpopMyjioii: 

life {X\ , . . . , Xn) ^ ^ Xi 1 X{ 2 ' ' ' Xi k . 

l<ii<«2 <-"<ifc <fi 

,H,ajiee mbi 6yn;eM HcnojiB30BaTB cjie^ryioiHHe o6o3HaHeHHH: 

LTfc = life (xi, ...,x 8 ), IT k = life (xi, . . . , Xi, . . . , Xs) , 

= LTfc (xt, ...,Xi,...,Xj,...,x 8 ). 

IIpHM6H5i5i HariHcaHHyro HaMH nporpaMMy ,zyiH CTpyKTypHoro aHajiH3a ^HCKpeTHtix 
OTHoineHHii k i?Life MbI oGHapyaoiBaeM, hto 3to oTHoineHHe npueoduMo h ero KaHOHii- 
necKaa ,n;eKOMno3HHH5i HMeeT bh^ 

< fe =^ 9} n(n^ K} ) > (83) 

r^;e (z'i, . . . , ij) — npoH3BojiBHoe 7-3JieMeHTHoe no^TMHoxcecTBo MHoxcecTBa (1, . . . , 8). J\jik 

KpaTKocTH mbi ot6pochjih b (83) TpHBHajibHBie cpaKTopti Ev^m, BxoflHiiHie b oGmyio 
cpopMyjiy (79). 

BoceMb oTHonieHHH R S ^ X ^ (1 < i < 8; ,h;jih nocTpoeHHs fleKOMnosHHHH (83) ^ocTa- 
tohho B33TB jiio6bie ceMb H3 hhx) HMeiOT cjieflyromyio nojiHHOMnajiBHyio cpopMy: 

x 9 x 10 (ir 6 + rr 5 + n 2 + nl) + x 10 (ir 6 + n 2 + 1) + x 9 (n 7 + n* + n 3 + n 2 ) = o. 

IIojiHHOMHajiBHaji (popMa OTHonieHHH R^ X9 ^ HMeeT BH,n; 

x w (n 7 + n 6 + n 3 + n 2 + 1) + n 7 + n 3 = o. 

OTHonieHHH i?f^ x ^ h R^ X9 ^ sbjihiotch nenpueoduMUMu ho ne npocmuMu H MoryT 
6bitb pa3Jio>KeHbi b cooTBeTCTBHH c cpopMyjioH (78). npo^ojiJKaH HTepai^HH fleKOMno- 

3HHHH MBI OKOHHaTejIBHO npHXOflHM K MaKCHMajIBHO ynpOH];eHHOH CHCTeMe OTHOHieHHH 
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SKBHBajieHTHOH HCXCflHOMy OTHOHieHHK) -R^ife- A 1151 HarjISflHOCTH npHBe^eM HX nOJIHHO- 

MnajibHyio (popMy: 



x 9 x 10 (rr 2 + ni) + Xl0 (n 2 + i)+x 9 (rr 7 + n* + rr 3 + rr 2 ) 


= o, 


(84) 


Xw (n 3 + n 2 + 1) + n 7 + n 3 


= 0, 


(85) 


(x 9 x 10 + x 10 ) (i$ + i4'' + n? + i) 


= 0, 


(86) 


Xl0 (n 3 + n 2 + ni + 1) 


= 0, 


(87) 


rr* rr* ry* nn ~Y* 

•^lO -^li J 'l2 J/ «3 J '«4 


= 0. 


(88) 



IlpocTeHiHHe OTHOiiieHHH (88) jierKO HHrepnpeTnpyioTCH: ecnn cocroHHne tohkh x 10 paB- 
ho 1, Tor^a no KpanHeii Mepe cflHa H3 jno6bix neTbipex ToneK, oKpyxcaromnx xg, flojDKHa 
6bitb b coctohhhh 0. 

IIpHBe^eHHbiH BBiine aHajiH3 OTHOineHHH -R^ife BBinojiHaeTca MeHee neM 3a 1 ceKyH- 
fly Ha cpeflHeM HoyTGyxe. ^jih BbiHHCJieHna 6a3Hca Tpe6Hepa k nojiHHOMy (82) Hy>KHo 

^o6aBHTb ^eCSTb nOJIHHOMOB 

x\ + Xi, i = 1, . . . , 10 , 

B COOTBeTCTBHH C TOJKfleCTBOM x q = X, KOTOpOMy yn;OBJieTBOpHIOT BCe SJieMeHTbl KO- 

HenHoro nana F q . BbinncjieHHe c noMombio cpyHKHnn BCTpoeHHoii b CHCTeMy Maple 
BbinojiHHeTca npnMepHO 3a 1 nac. Pe3yjibraT 3aBHCHT ot ynopafloneHna: nepeMeHHbix, 
KOTopoe Heo6xo^HMo 3a^aBaTb npn Hcnojib30BaHHH MeTo^a 6a3HcoB Tpe6Hepa: 

• hhcto jieKCHKorpacpHHecKoe ynopaflonnBaHne c nopa^KOM nepeMeHHbix x\q y xg y 
• • • >- X\ He flaeT hoboh HHCpopMaunn, ocTaBjiss hcxo^hbih iiojihhom (82) Hen3MeH- 
hmm; 

• hhcto jieKCHKorpacpnnecKoe ynopa^onnBaHne c nopaflKOM nepeMeHHbix x\ y X2 y 
■ ■ ■ y X\o n ynopji^oHHBaHHe no CTeneHHM c oGpaTHoii jieKCHKorpacpHeii Bocnpon3- 

BCflilT OTHOnieHHS (84)— (88) C TOHHOCTbK) flO HeCKOJIbKHX ^OnOJIHHTejIbHblX nojin- 

HOMnajibHbix pe^yKiniH, HapyniaiomHx cnMMeTpnio nojiHHOMOB. 
B.2.2 3jieMeHTapm>ie KJieTOHHbie aBTOMa™ 

npocTeflnine GnHapHbie o^HOMepHbie KjieTonHbie aBTOMaTbi Gmjih Ha3BaHbi C. Bojibcppa- 
mom ajieMenmapHUMU KJiemoHHUMu aemoMamaMu. B 3tom pa3,n;ejie mm 6yu;eM npn^ep- 
jKHBaTbca o6o3HaneHHH n TepMHHOjiorHH KHnrn BojibcppaMa [68]. 3jieMeHTapHbie aBTo- 
MaTbi cym;ecTBeHHO npom;e neM Life h mbi MoaceM npn hx Hccjie^oBaHHH yzjejiHTb Gojibine 
BHHMaHna TonojiornnecKHM acneKTaM CTpyKTypHoro aHajiH3a. 

JIoKajibHbie npaBHjia ajieMeHTapHbix KjieTOHHbix aBTOMaTOB onpeflejiaioTca: Ha 4- 

MHOJKeCTBe 5 = {p, q,r,s}, KOTOpoe M05KHO H3o6pa3HTb KapTHHKOH 
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JIoxajibHoe npaBHjio sto 6nHapHasi (pyHKHHa: Bima s = f(p,q,r). ITojiHoe hhcjio Taxnx 
cpyHKHHii paBHo 2 23 = 256. Crre^oBaTejiBHo, Ka>K^;oe npaBHjio mojkho HH^eKCHpoBaTB 

8-6HTHBIM 6lIHapHBIM hhcjiom. 

HaiiiH BBiHHCJieHHH noKa3BiBaioT, hto 256 oTHoineHHii, cooTBeTCTByiomHx 3thm npa- 
BHjiaM, no^pa3fleji5iK)TC5i Ha 118 npueoduMux h 138 nenpueoduMux. Tojibko flBa otho- 
ineHHs H3 HenpHBo^HMBix oKa3ajiHCB npocmuMu, a HMeHHo, npaBHjia 105 h 150 b HyMe- 
paniiH BojiBcppaMa 32 . IIpocTBie npaBHjia 105 h 150 hmciot jiHHeiiHBie nojiHHOMHajiBHBie 
cpopMBi: s=p + q + r + l ms=p + q + r, cooTBeTCTBeHHO. 

IIpocTpaHCTBO-BpeMa sjieMeHTapHBix aBTOMaTOB npe^cTaBjiaeT co6ofi penieTKy c ue- 
jiOHHCJieHHBiMH Koop^HHaTaMH (x, t) G Z x Z . Pa3yMeeTca, mbi MOJKeM 6e3 BC3KHX npo- 
6jieM paccMaTpuBaTB KOHenHyio penieTKy Z m x [0, 1, . . . ,T], BBi6paB ^ocTaTOHHo 6ojib- 
Hine m h T. CocToaHne tohkh penieTKH mbi 6yn;eM npe^cTaBjiaTB (pyHKinieii u(x,t) G 
£ = {0, 1}. Ecjih npe^cTaBHTB penieTKy b BH^e rpacpa, to b o6m;eM cnynae mbi npe^no- 
jiaraeM, hto tohkh penieTKH cBii3aHBi Meac^y co6oft, KaK noxasaHo Ha pncyHKy 



■< x ► 




OTCyTCTBHe ropH30HTajIBHBIX CBH3eH BBipaJKaeT He3aBHCHMOCTB "npOCTpaHCTB6HHO-nO- 

^o6hbix" ToneK b KjieToiHBix aBTOMaTax . 

IIpHBO/],HMMe aBTOMUTbl. AHajIH3 nOKa3BIBaeT, HTO HeKOTOpBie aBTOMaTBI C npHBO- 
flHMBIMH JIOKajIBHBIMH OTHOHieHHHMH MOJKHO npe^CTaBHTB B BH^e o6l.eflHHeHH5I aBTOMa- 
TOB, oupe^ejieHHBix Ha HecBH3HBix (HenepeceKaioiirHxca:) no^KOMnjieKcax: 

• ^Ba aBTOMaTa h 255 onpeflejiaioTCH yHapHBiMH oTHorneHHHMH s = m s = 1 Ha 

HeCBH3HOM MHOJKeCTBe TOHeK: 



o 


o 


o 


o 


o 


o 


o 


o 


o 


o 


o 


o 


o 


o 


o 



SaMeTHM, hto b MaTeMaTHKe yHapHBie othohichhs oGbihho Ha3BiBaioT ceoucmeaMu. 
• LQecTB aBTOMaTOB 15, 51, 85, 170, 204 h 240 cpaKTHHecKH npe^cTaBjiHioT co6oft Ha- 

6opBI HeCBH3HBIX npOCTpaHCTBeHHO HyjIBMepHBIX aBTOMaTOB, T.e. H30JIHpOBaHHBie 

tohkh, 3BOJiron;HOHHpyioin;He bo BpeMeHH. npHMepa, paccMOTpHM aBTOMaT 15. 
Ero jioxajiBHoe npaBHjio, onpe^ejieHHoe Ha MHoxcecTBe 

32 BiiTOBbie ctpokh 3HaHeHiiii cpyHKi^iiii s = f(jp, q, r) npH jieKCHKorpacpHHecKH B03pacTaK>meM nopa^,- 
Ke KOM6HHan,Hii SHa^ieHHH nepeMemibix p, q, r HHTepnpeTiipyiOTCH KaK HHCJia c GimapHMMii pa3pa^,aMH, 
imynpiMH b y6tiBaiomeM nopa/pce. 
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mojkho npe^cTaBHTb CTpoKofi 6htob 0101010110101010. 3to OTHOineHne cbo^htcs 
k OTHonieHHio Ha rpaHH 




c 6htoboh CTpoKofi 0110. IIpocTpaHCTBeHHo-BpeMeHHaji penieTKa pacrnenjiaeTCii 
cjie^yiornHM o6pa30M: 




CTpoxa 6htob 0110 03HaHaeT, hto coctojihhh Tonex pus Bcer^a npoTHBonojioacHBi, 
nosTOMy mojkho cpa3y HanncaTB o6mee penieHHe fljia aBTOMaTa 15: 

u(x, t) = a(x — t) +t mod 2, 

r,n,e u(x, 0) = a(x) — npoH3BOjiBHoe HanajibHoe ycjioBHe. 

• KajK^Biii H3 ^ecsTH aBTOMaTOB 5, 10, 80, 90, 95, 160, 165, 175, 245, 250 pacna^aeTca 
Ha ppa, H^eHTHHHbix aBTOMaTa. ^Jifl npHMepa paccMOTpHM npaBHjio 90. 3tot aBTo- 
MaT H3BecTeH TeM, hto oh nopojK^aeT cppaKraji TonojiorHHecKoii pa3MepHocTH 1 h 
xayc^opcpoBOH pa3MepHocTH In 3/ In 2 w 1.58 H3BecTHBift xax " mpeysoAbUUK Cep- 
nuncKoso" (a TaKxce k&k " peiuemKa" hjih " caAcfiemKa" CepriHHCKoro). JIoxajiBHoe 
OTHorneHHe npaBHjia 90 Ha MHOJKecTBe 




npe^cTaBjiaeTca Ghtoboh CTpoKofi 1010010101011010. 3to OTHorneHHe, b cooTBeT- 

CTBHH C pa3JIOJKeHHeM (79), CBO^HTC3 K OTHOHieHHK) C 6HTOBOH CTpOKOH 



10010110 Ha rpaHH 




H3 CTpyKTypBi stoh rpaHH bh^ho, hto npocTpaHCTBeHHO-BpeMeHHasi perneTKa pac- 
na^aeTca Ha flBa h^chthhhbix He3aBHCHMBix KOMnjiexca: 
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^jih nocTpoeHHH oGniero pemeHHH aBTOMaTa 90 yn;o6Ho Hcnojit.30BaTb iiojihhomh- 
ajibHyio cpopiviy s + p + r = OTHOineHna: (89). H3 stoto jiHHeiiHoro BbipaJKeHHa: 
jierKo BbiBOflHTca o6niee penieHHe: 

u(x, t) = ( J a(x — t + 2fc) mod 2, u(x, 0) = a(x). 




Hcnojit.30BaHHe co6cTBeHHbix cjie,zi,CTBira. CoGcTBeHHbie cjie^cTBHH, ,aa:>Ke ecjin 
ohh He HBjiHioTca cpyHKUHOHajibHBiMH, co^epjKaT nojie3Hyio HHdpopMannio o rjio6ajiBHOM 
noBe^eHHH KjieTOHHoro aBTOMaTa. 

HanpHMep, 64 aBTOMaTa 33 HMeiOT co6cTBeHHBie cjie^cTBHH c 6htoboh CTpoKofi 

1101 (90) 

Ha, no KpaHHefl Mepe, Ha o^hoh H3 rpaHefi 




OTHOHieHH3 (90) HMeiOT Ha rpaHHX (91) nOJIHHOMHajIBHbie dpopMBi 

ps + s = 0, qs + s = 0, rs + s = 0, 



COOTBeTCTBeHHO . 

OTHomeHHe (90) ne g5yHKV ) uoHaji'bHO, h, cjie^oBaTejiBHO, He MoaceT onncBiBaTB Ka- 
Kyio 6bi to hh 6bijio ^eTepMHHHCTHHecKyio sbojiiohhio. TeM He MeHee, oho HaKjia^bi- 
BaeT JKecTKHe orpaHnneHHa Ha noBe^eHHe cooTBeTCTByromnx aBTOMaTOB. XapaKTepHbie 
nepTbi Taxoro noBe^eHHH OTneTjinBO bh^hbi Ha MHornx npe^cTaBjieHHbix b aTjiace [69] 
HjijnocTpan;HHx k KOMntioTepHBiM BBiHHCjieHHsiM sbojiioithh aBTOMaTOB. TnnHHHaa: Kap- 
THHa H3 3Toro aTjiaca, Ha KOTopoii npe^cTaBjieHBi hcckojibko sbojhohhh aBTOMaTa 168, 
BocnpoH3Be,ri;eHa Ha Phc. 10. Ha pncyHKe Hyjin h e^HHnnBi H3o6pa>KeHbi nycTBiMH h 

3anOJIHeHHBIMH KBa^paTHBIMH KJieTKaMH, COOTBeTCTBeHHO. 3aMeTHM, HTO aBTOpBI Bbl- 

HHCJieHHft Hcnojib30BajiH nepHO^HHHOCTB no npocTpaHCTBeHHOMy H3MepeHHK»: X G Z 30 . 

JIoKajibHoe OTHomeHHe aBTOMaTa 168 b nojinHOMnajiBHon cpopMe HMeeT BKRpqr+qr+ 
pr + s = 0. 3to OTHomeHHe HMeeT coGcTBemioe cjie^cTBne rs + s = 0, o3Hanaioiiree, hto 

33 npHBe,neM nojiHbiii ciihcok sthx aBTOMaTOB b nyMepaintii Bojiteppaivra: 2, 4, 8, 10, 16, 32, 34, 40, 
42, 48, 64, 72, 76, 80, 96, 112, 128, 130, 132, 136, 138, 140, 144, 160, 162, 168, 171, 174-176, 186, 187, 
190-192, 196, 200, 205, 206, 208, 220, 222-224, 234-239, 241-254. ABTOMaTH 113 SToro cniiCKa HMeiOT 
KaK npiiBOfliiMbie, Tax h HenpiiBOfliiMBie jiOKajit.Ht.ie OTHOHiemra. 
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Phc. 10: IIpaBHjio 168. HecKOjibKO SBOjiroiniii co cjiynaiiHbiMH HanajibHbiMH ycnoBHaMii. 



eCJIH r HaXO^HTCH B COCTOJIHHH 1, TO S MOJKeT 6BITB B JIIOGOM H3 RByX COCTOHHHH HJIH 1, 
O^HaKO, eCJIH COCTOHHHe r paBHO 0, TO S o6fl3aHO 6bITb B COCTOHHHH 0. CliMBOJIHHeCKH: 

r = l=^s = 0Vs = l, 
r = =>• s = 0. 

Ha Phc. 10 bh^ho, hto jiK>6aa SBOjnouira coctoht H3 oGpbraaioiHHXca: ^HaroHajieft, Ha- 
npaBjieHHBix BjieBo bhh3. Ka^K^aa ^HaroHajit HaiHHaeTca: c HecKOJiBKiix H^ryuiHx noflpafl 
eflHHHn,, ho nocjie nepBoro noaBjieHHH Hyna Bee nocjie^yiomHe kjictkh ^HaroHajiH MoryT 

6bITb TOJIBKO HyjIHMH. 

CpaBHeHHe KaHOHHiecKoft /i,eKOMno3Hi^HH c 6a3HcaMH Tpe6Hepa. 5Icho, hto 
Haina KaHOHnnecKas ,n;eKOMno3Hrj;iis (78) — 6ojiee o6ih;hh MeTOfl HccjieflOBaHiia ^HCKpeT- 
Hbix oTHoineHHH, neM 6a3HCbi Tpe6Hepa. O^HaKo b nojiHHOMnajiBHOM cnynae hx mojkho 
cpaBHHBaTB. B KanecTBe npHMepa npHBe^eM 6a3HCBi Tpe6Hepa h KaHOHHiecKHe ^exoM- 
no3Hirnn ^Byx sjieMeHTapHBix KjieTOHHbix aBTOMaTOB. Mbi bmhhcjihjih 6a3HCbi Tpe6Hepa 
b ynopa^oHeHHH no nojiHofl CTeneHH h oGpaTHoft jieKCHKorpacpHii. TpuBnajiBHBie nojrn- 
hombi p 2 + p, q 2 + q, r 2 + r h s 2 + s HCKjironeHbi H3 onHcamiii 6a3HCOB Tpe6Hepa. 

• ABTOMaT 30 H3BecTeH cbohm xaoTHnecKHM noBe^eHHeM. Oh ^;a>Ke Hcnojib3yeTC3 
Kax reHepaTop cjiynaftHbix nmceji b cncTeMe Mathematica. 

OTHoniemie: 1001010101101010 hjih qr + s + r + q + p = 0. 

KaHOHHHecKaa ^eKOMno3Hu,H5i: 

Co6cTBeHHbie cjie^CTBHH: 
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rpaHb 

cTpoKa 6htob 11011110 11011110 
nojiHHOM qs + pq + q rs + pr + r. 

rjiaBHi.iH (paKTop: 1011111101111111 hjih grs + pgr + rs + gs+pr+pg + s+p = 0. 
Ba3HC rpe6Hepa: {gr + s + r + q + p, qs + pq + q, rs + pr + r} . 

TaKHM o6pa30M, fljiH aBTOMaTa 30 MHoxcecTBo hojihhomob KaHOHHHecKoii ,n;eKOM- 
no3HHHH coBna^aeT (c tohhoctbio ,n;o oneBH^HBix nojiHHOMHajibHbix no^cTaHOBOK 
b rjiaBHbifi cpaKTop) c 6a3HcoM Tpe6Hepa. 

Abtomst 110 HBjiaeTca, no^oGHO ManiHHe TtiopHHra, ynueepcaAbHUM, T.e. c ero 
noMomtio mojkho peajni30BaTb jik>6oh BbiHHCJiHTejiBHbifi npouecc, b nacTHOCTH, 
BocnpoH3BecTH noBe^emie jiio6oro ^pyroro KjieTOHHoro aBTOMaTa. 

OTHOineHHe: 1100000100111110 hjih pqr + qr + s + r + q = 0. 

KaHOHHHecKaa /j,eKOMno3Hi],HH: 

Co6cTBeHHBie CJie^CTBHH: 





rpaHB 

CTpoKa 6htob 11011111 11011111 10010111 

nojiHHOM pqs + qs + pq + q prs + rs + pr + r grs + s + r + g. 

TjiaBHBiH cpaKTop: 1111111111111110 hjih pgrs = 0. 
Ba3HC Tpe6Hepa: 

{prs + rs + pr + r, qs + rs + r + q, qr + rs + s + q, pr + pq + ps} . 

B 3tom cjiynae nojiHHOMbi 6a3Hca Tpe6Hepa He coBna^aioT c nojiHHOMaMH KaHO- 
HHHecKOH ji;eKOMno3HHHH. CncTeMa OTHorneHHH, onpe,nejiHeMbix 6a3HCOM Tpe6Hepa 
HMeeT bh/j;: 

R\ p ' r ' s} = 11011111 = (prs + rs + pr + r = 0) , 
R {g,r,s} = 10 oillll = ( gs + rs + r + g = 0), 
R {g,r,s} = 10 noill = ( gr + rs + s + g = 0), 
R {p,q,r,s} = iiioi01110111110= (pr+pq+ps = 0) . 

B H,ejiOM, mojkho ynoMHHyTB cjie^yioiHHe pa3JiHHH5i Me>K^;y HaniHM ncflxcflOM h MeTCflOM 
6a3Hca Tpe6Hepa. 
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• B oTjiiiHiie ot 6a3iica Tpe6Hepa, 6a3HCHoe oTHoineHHe (77), onpe/oeJiiieMoe KaK ne- 
peceneHHe ycjioBHft, corjiacyeTca c HaTypajit.Ht.iM jijts jiorHKH h Teopnn mhojkcctb 

nOHHTHeM COBMeCTHOCTH. 

• B OTjiHHHe ot KaHOHHHecKoii ^,eKOMno3Hn;HH, 6a3HC Tpe6Hepa mojkct Bbirji2jj;eTB 
BHe nojiHHOMHajiBHoro KOHTexcTa KaK HaGop cjiynaHHBix HaiXMHo>KecTB . 

• TeM He MeHee, HeKOTopaa aHajiorna Mexc/xy 6a3ncaMH Tpe6Hepa h KaHOHnnecKHMH 

^eKOMn03HI];H5IMH HMeeTCH. OaKTHHeCKH, B HatHHX BBIHHCJieHH5IX COOTBeTCTByK)- 

mne Ha6opBi nojiHHOMOB coBna^ajiH npHMepHo b nojioBHHe cjiynaeB. 

• KaHOHHHecKaH ,n;eKOMno3HHHJi Gojiee scpcpeKTHBHa b npo6jieMax, b kotopbix no- 
jihhombi MoryT HMeTB npoH3BOjiBHBie CTeneHH — HjijnocTpan;HeH SToro 2bji2k>tch 
npi-iBe^eHHBie Bbinie BBiHHCJieHHH c aBTOMaTOM KoHBea. 

• ,H,Ji a 3a,n;aH c nojiHHOMaMH Majibix cTeneHeft h Gojibhihm hhcjiom n nepeMeHHbix 
6a3HC Tpe6Hepa npeBocxo/XHT KaHOHHHecKyio ,n,eKOMno3HHHio — hhcjio hojihhomob 
orpaHHHeHHOH CTeneHH nojiHHOMHajibHo 3aBHCHT ot n, a ajiropHTM KaHOHHnecKOH 
^,eKOMno3Hn;HH CKaHHpyeT BKcnoHeHHHajiBHO GojiBtuoe hhcjio q n tohck rnnepKy6a 

C JloKajibHbie KBaHTOBbie MO^ejiH 
Ha peryjiapHbix rpacj)ax 

B GTaHjj,apTHoii KBaHTOBofl MexaHHKe aMnjiHTyn;a b,h;ojib nyTH nponopuHOHajiBHa 3Kcno- 
HeHTe ot ja;eHCTBH5i: A oc exp (j^S^ . 5Icho, hto sto BbipaaceHHe HHKorjj;a He o6pamaeTcs 
b Hyjib. LIosTOMy b CTaHjj;apTHOH (popMyjinpoBKe b npHHunne bo3mojkhbi KBaHTOBBie ne- 
pexo/ibi Meac/xy jiio6bimh coctohhhhmh chctcmbi. 3/j;ecB mbi paccMOTpnM Gojiee yn;o6HBie 
Hccjiejj;oBaHH2 mojj^jih c orpaHHHeHHBiMH MHOJKecTBaMH bo3mo>khbix nepexojj;oB. A 
HMeHHO, b HaniHX MOJj;eji3x [37, 39], onpejj;ejieHHBix Ha perynapHBix rpacpax, nepexo/XBi 
6ynyT bo3mojkhbi TOJibKo b npe/j;ejiax oKpecTHocTefi BepniHH rpacpoB. 

C.l OGmee onpe^ejieime KBaHTOBoii Mo^ejin Ha rpacpe 

Onpejj;ejieHHe AOKdAbHou Keaumoeou ModeAu na k-eaAenmHOM spacfie BKjnoHaeT ene/jy- 
louree: 

1. npocmpaHcmeo X = {xi,...,x n } npejj;cTaBjiHeT coGoii /c-BajieHTHbiii rpacp. Bep- 
niHHbi rpacpa, cMexcHBie c ^aHHoii BepniHHOH Xj, mbi 6yn;eM o6o3HaHaTb cHMBOJiaMH 

2. CxeMa AonaAbnux nepexodoe Ei = {eo,j, e^j, • • ■ , e^j} bto MHoacecTBO pe6ep, CMe>K- 
hbix c BepniHHofi Xj, jjpnojmeHHoe pe6poM e^j = (xj — > Xj) = (xj — > x 0) j). KaJKijpe 
pe6po e mt i = (x,j — > x m i ) CHMBOJiH3HpyeT nepexo^i; 3a oflra mar BpeMeHH H3 BepniH- 

Hbl Xj B HeKOTOpyK) BeptHHHy OKpeCTHOCTH HJIH B CaMy Xj. 

3. Mbi npe^nojiaraeM, hto rpynna chmmctphh npocTpaHCTBa F = Aut (X) ,neHCTByeT 
TpaH3HTHBHO Ha MHoacecTBe cxeM jioKajiBHBix nepexoij;oB {E\, ■ ■ ■ ,E n }. 
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4. Onpe^ejiHM rpynny aokoawux cuMMempuu npocmpancmea KaK no/xrpynny F 
cpHKcnpyiomyio BepiiiHHy Xj: Fi oc = Stabp (xj) < F. BBH/xy TpaH3HTHBHOCTH flefi- 
ctbhh F Ha MHOJKecTBe oKpecTHocTen, rpynna Fi oc He 3aBHCHT ot BBi6opa BepniHHBi. 

5. Qi = {ojQi,ojii, ■ ■ ■ ,0Jh,i} o3HanaeT MHoatcecmeo op6um F\ oc Ha E^. 5Icho, hto sth 

MHOJKeCTBa H30MOp(pHM flJIS BCeX BepHIHH Xj. 

6. Mm npe/inojiaraeM, hto c Kaxcfloii BepniHHofi acconiiHpoBaHO MHoacecTBO BHyrpeH- 
hhx CTeneHefi cbo6ojxm (jioKajibHbix coctojihhh) E Ha kotopom ^eficTByeT rpynna 
BHyTpeHHHX CHMMeTpnit r. 

7. Mm 6yn;eM Ha3MBaTb sboawvaiohhum npaeuAOM R (pyHKinno Ha Ei co 3HaneHneM 
b HexoTopoM npe^CTaBjieHHH p (T) rpynnbi BHyTpeHHHX cnMMeTpnn. 3to npaBHjio 
npe/xrincbiBaeT p (r)-3HanHbie Beca nepexo^aM 3a oflra mar no BpeMemi Meatfly Bep- 
niHHaMH OKpecTHOCTH Xj. H3 coo6pa>KeHHH cnMMeTpnn npaBHjio R aojixcho 6biTb 
cbyHKnneH Ha opGnrax H3 MHo>KecTBa f2j, T.e. R (e m ^g) = R (e mj j), ecjin g e Fi oc . 

,H,jih njijnocTpannn sthx KOHCTpyKnnn paccMOTpnM jioKajibHyio KBaHTOByio MOflejib Ha 
rpacbe cbyjuiepeHa Ceo- 3tot rpacp H3o6pa>KeH Ha Phc. 1 h 8. B flaHHOM cjiynae rpyn- 
nofi cHMMeTpnii npocTpaHCTBa X = {x 1; • • • ,x 60 } HBjiaeTCJi F = Aut (X) = A 5 x Z 2 . 
OKpecTHocTb BepniHHM rpacba Xj ycTpoeHa cjieflyionniM o6pa30M 

CxeMa JioKajibHbix nepexoflOB HMeeT bha Ei = {e^j, e^j, 63^}, r^e 

e ,i = (xj ->• Xj) , 
ei,» = (xj ->■ Xi,i) , 
e 2 ,i = ->■ x 2)i ) , 
e3,i = (xj ->■ x 3 ,i) • 

SaMeTHM, hto pe6pa OKpecTHOCTH He paBH03HanHbi: pe6pa e\j n e 2 ,i npHHaflJiexcaT na- 
THyrojibHHKy, npnMMKaioineMy k BepniHHe Xj, a pe6po e^^ pasflejiaeT iXBa niecTHyrojib- 
HHKa; hjih, c tohkh 3peHHH xhmhh, pe6po e^,^ cooTBeTCTByeT jxbohhoh CB33H b Mojiexyjie 
yrjiepo^a Cqq, a ocTajibHbie pe6pa npeflCTaBjisioT npocTbie cbh3h. IIosTOMy rpynna Jio- 
KajibHbix cnMMeTpnn npocTpaHCTBa, T.e. CTa6njiH3aTop BepniHHM Xj, He SBjiaeTca MaKcn- 
MajibHofi fljia no,n;o6HMX OKpecTHocTen rpynnon D 6 , a HMeeT bh/i; Fi oc = Stabp (xj) = Z 2 . 
MHOJKecTBO op6nT Fi oc Ha Ei coctoht H3 Tpex ajieMeHTOB (no/XMHOxcecTB) : 

= {uo,i = {eo,i} , toi,i = {e M , e 2 ,i} , u} 2 ,i = {e3,i}} , 

T.e. GTa6njiH3aTop nepecTaBjraeT pe6pa (x, — > x^j) n (xj — > X2,i) ho He jjBnraeT (xj — > Xj) 
H (Xj ->■ x 3)i ). 
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YHHTBIBaH 3TH CHMMeTpHH npaBHJIO 3BOJHOHHH IipHHHMaeT BHfl: 

R(xi^x,i) =p(a ), 

R (Xj -> X^j) =i? (Xj ->■ X 2)i ) = p («i) , 
i? (Xi -» x 3ii ) = p (a 2 ) , 

rjj;e a , ai, a 2 G I\ 

C.2 MjiJiiocTpaii,Ha: ^HCKpeTHaa Mo^ejib KBaHTOBOH cbo6o/i;hoh 

HaCTHD,bI 

PaCCMOTpHM KBaHTOBaHHe CBo6ojj;HOH HaCTHHM, flBIDKymeftCH B OflHOM H3MepeHHH. Ta- 

• o 

Kas HacTHii,a onncbiBaeTca jiarpaHJKHaHOM L = ^ ■ npe^nojiaraa, hto HMeioTCH KBaH- 
TOBbie nepexo^ti tojibko b 6jiHJKafiniHe tohkh jj;HCKpeTH3HpoBaHHoro npocTpaHCTBa mm 
npHxo^HM k cjie/jyioiHeMy npaBHjiy nepexo^OB 3a ojj;hh inar BpeMeHH 

•m 
e 2h 



1 

•m 

T.e. npaBHjio sbojhohhh i? npe^cTaBjiaeT co6ofi cpyHKHHio co 3HaneHHHMH b yHHTapHOM 
npejj;cTaBjieHHH OKpy>KHOCTH U (1): 

R(x->x) = \ G U(l), 

■m 

R(x -> x - 1) = R(x -> x + 1) = w = e L 2h e U (1) . 

,H,ajiee npejo;nojio>KHM, hto u> ajieMeHT HeKOToporo ojj;HOMepHoro npe^cTaBjieHHH KOHen- 
hoh rpynnti V. OflHOMepHOCTt npe/j,CTaBjieHHH npejj;nojiaraeT, hto 6e3 noTepn oGihho- 
cth mojkho CHHTaTb rpynny HHKjiHHecKoii V = Zm, aw — npHMHTHBHbiM KopHeM H3 
eflimimM M-Pl cTeneHH. PeopraHH3ys MyAbmunoMua/ibHue K09$$uv ) ueHmu — mpuno- 
MucuibHue b jj;aHHOM KOHKpeTHOM cjiynae — HeTpyznro HanncaTb cyMMy aMnjiHTyn no 

BCeM B03MOJKHBIM nyTHM MeJK/jy npOCTpaHCTBeHHO-BpeMeHHMMH TonxaMH (0,0) n (x,t) 

At , ^ r\ t\ 

At, (W) = > -, r -, , r X — — — W . 

SaMeTHM, hto 3HaneHne x aojdkho jie»caTb b npe/j;ejiax ±i: x G [— t, t] . 

Mojkho ycjioJKHHTb MORejib jj;o6aBHB, HanpnMep, Kajin6poBonHbie cbh3hocth, ^en- 
CTByromne Bppjib nyTen, bbojj;h orpaHnneHHH Ha B03MO>KHbie nyTH, KaK, HanpnMep, sxpaH 
b "jj,Byxm;ejieBOM 3KcnepHMeHTe" n T.n. B jho6om cjiynae aMnjiHTyn;a A (w) 6yn;eT nojiHHo- 
MnajiBHoii cpyHKHneii ot w. ^jih Toro, hto6bi Bocnpon3BecTH, CKaxceM, ^ecTpyKTHBHyio 
HHTepcpepeHi^nio — ojj;ho H3 hpkhx npoHBjieHHH KBaHTOBoro noBejj;eHHH — Heo6xojj;HMo 
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Phc. 11: Tpynna Z 4 . HHTepc^epeHirns: ot ^Byx hctohhhkob b no3nnnax -4 n 4. Hhcjio 
inaroB no BpeMeiiii T = 20. A0 = 4 — 0_ 4 — pa3Hocra cpa3 Mempy HcronHHKaMH . 

peniHTb CHCTeMy nojiHHOMnajibHbix ypaBHeHnii: A (w) = $m {w) = 0, r^e $m {w) — M- 
fi i^HKjioTOMHHecKHfi nojiHHOM. B ^aHHofi Mo^ejiH HanMeHbinen rpynnofi, npn KOTopofl 
noaBjiaeTca ^ecTpyKTHBHaa nnrepcpepeHnHii, aBjiaeTCH Z 4 . 

Ha Phc. 11 noKa3aHbi HHTepcpepeHnnoHHbie KapTHHBi — HopMajiH30BaHHbie KBa^pa- 
tbi Mo^yjieii aMnjiHTya; ("BepoHTHoern") — ot flByx hctohhhkob, noMemeHHbix b Tonicax 
x = —4 n = 4 fljia 20 rnaroB no BpeMeHH. BepxHnii n hhjkhhh rpacpnxn noKa3BiBaioT 
HHTep(pepeHn,nn b cnynaax, Kor^a (pa3bi ncronHHKOB o^HHaKOBbi (A0 = 0) n npoTHBO- 

nOJIOJKHbl (A0 = 71"), COOTBeTCTBeHHO. 



D JlHHeHHbie npe^CTaBjieHHH KOHeHHbix rpynn 

Jlio6oe jiHHenHoe npe^CTaBjieHne KOHenHon rpynnbi SKBHBajieHTHO yHHTapHOMy, nocKOJib- 
Ky H3 npoH3BOjibHoro CKajiapHoro npon3Be,n;eHHa: c noMombio "ycpeflHeHHJi no rpynne" 
mojkho nocTpoHTb HHBapnaHTHoe. HanpnMep, b KanecTBe ncxo^Horo CKajiapHoro npon3- 
Be^eHna b K-MepHOM rnjib6epTOBOM npocTpaHCTBe % mojkho B32Tb cTaH^apTHoe 

K 

{<j>\1>) = Y,W- (92) 
i=i 

ycpe^HHB (92) no rpynne mm npnxo^HM k UHeapuanmHOMy cnaAJipHOMy npou3eedeHUW 

^\^) = ^\^ U ^)<t>\U{g)^), 

o6ecneHHBaK)in;eMy yHHTapHOCTb npe^CTaBjieHna U rpynnbi G b npocTpaHCTBe %. 

BajKHbiM npeo6pa30BaHneM sjieMeHTOB rpynnbi — aHajioroM 3aMeHbi cncTeMbi Koop- 
^HHaT b cpH3HKe — aBjiaeTCH conpjuiceHHe : a~ 1 ga —> g', g, g' G G, a G Sg- ConpHaceHne 
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c noMoniBio sjieMema caMoii rpynnBi, T.e., ecjm a G G, Ha3BiBaeTca enympeHHUM ae- 

m0M0p(f)U3M0M. KjiaCCBI SKBHBajieHTHOCTH OTHOCHTejIBHO BHyTpeHHHX aBTOMOp(pH3MOB 

Ha3BiBaioTC5i KAaccaMu conpawceHHUx 3JieMeHmoe. OmpaBHOH tohkoh H3yneHHH npefl- 
CTaBjieHHii rpynnBi HBjiHeTcs ee pa3Jio>KeHHe Ha KjiaccBi conpajKeHHBix sjieMeHTOB 

Q = K 1 UK 2 U---UK m . 

TpynnoBoe yMHoaceHHe HH,zryHHpyeT yMHoafcenue na KJiaccax. IIpoH3Be,n,eHHe KjiaccoB 
Ki h Kj npe,ri;cTaBji5ieT co6oii pa3Jio>KeHHoe Ha KjiaccBi MyAbmuMHoatcecmeo Bcex bo3- 
mojkhbix npoH3Be^eHHii ab, a & Ki, b G Kj. OneBH^HO, hto bto npoH3Be,n,eHHe KOMMyTa- 
thbho, nocKOJibKy ab h ba npHHa^JieacaT o^HOMy h TOMy ace Kjiaccy: ab ~ a^ 1 (ab) a = ba. 
TaKHM o6pa30M, mm HMeeM cjie^ryioinyio Ta6jiHiiy yMHcxacemiH KjiaccoB 



KiKj 



KjKi 



E 

fc=i 



ijkKfc. 



HamypaAbHue yeAue — KpaTHOCTH Bxo>K^;eHH5i KjiaccoB b MyjiBTHMHCOKecTBa — Ha- 
3bmaioTC5i KosaiaiuuueHmaMu KAaccoe. nojiyneHHaii TaKHM o6pa30M aAse6pa KAaccoe co- 
^ep>KHT bck) HH(popMan;Hio, Heo6xoflHMyio fljia nocTpoeHHH npe^cTaBjieHHH rpynnBi. 

IIpHBe^eM KpaTKHH CnHCOK OCHOBHBIX CBOHCTB JIHHeHHBIX npe^CTaBJieHHH KOHeHHBIX 

rpynn: 

1. JIio6oe HenpHBO^HMoe npe^CTaBjieHHe co^epjKHTCH b peryrmpHOM. Bojiee KOHKpeT- 
ho, cymecTByeT MaTpnira npeo6pa30BaHHH T oflHOBpeMemio npHBo^Hm;aH Bee MaT- 
pnn,Bi peryjiapHoro npe^cTaBjieHHH k BH^y 



(DM 



T- 1 P(( 7 )T 



\ 



'D 2 {g) 



D 2 (g) 



'D m {g) 



\ 



(93) 



D m (g)J 



h jnoGoe HenpnBO^HMoe npe,n;cTaBjieHHe HBjiHeTCH o^hhm H3 Dj. Hhcjio hcskbh- 
BajieHTHBix HenpHBO^HMBix npe^cTaBjieHHH paBHO nncjiy KjiaccoB conpHaceHHBix 
sjieMeHTOB . Hhcjio dj sto o^HOBpeMeHHO pa3MepHOCTB HenpnBO^HMon KOMnoHeH- 
tbi Dj n KpaTHOCTB ee BxoJK^eHHH b peryjiapHoe npe^cTaBjieHne. H3 (93) bh^ho, 
hto fljia pa3MepHocTeii HenpHBOflHMMx npe^cTaBjieHnn cnpaBe^jinBo paBeHCTBo 
d\ + d\ + • • • + d 2 m = |G| = M. KpoMe toto, pa3MepHocTH HenpnBo^HMBix npe^cTaB- 
jieHHii ^ejiHT nopaflOK rpynnBi: dj | M. 

2. JIio6oe HenpHBo^HMoe npe^cTaBjieHne Dj onpe^ejiHeTca o^HosHanHo cbohm xa- 
panmepoM Xji T - e - Ha6opoM cjie^OB MaTpnn, npe^cTaB jieHHJi : Xj {9) = TrDj (g). 
3tot Ha6op HBjiHeTCH (paKTnnecKH (pyHKHnen Ha KJiaccax conpHxceHHBix ajieMeH- 
tob, nocKOJiBKy b cHjiy cTaH^apTHBix cbohctb cjie^OB MaTpnn, Xj {9) — Xj i a ~ 1 9 a )- 
OneBHflHo, hto Xj (1) = dj. 
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3. KoMnaKTHMM cpe^CTBOM nepeHHCJieHHH Bcex HenpHBO^HMbix npe^CTaBjieHHH sb- 
jiaeTca ma6jiuv ) a xapanmepoe. CtojiGum stoh Ta6jiHiibi npoHyMepoBaHbi KjiaccaMH 
conpajKeHHBix 3 jieMeHTOB , a ctpokh co^epacaT 3HaHeHHH xapaKTepoB HesKBHBa- 
jieHTHBix npe^CTaBjieHHii: 
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Xi 
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X2 


X2 (Kt) = d 2 


X2 (K 2 ) ■ 


■ • X2 (K m ) 


Xm 


Xm (Ki) = d m 


Xm(K 2 ) • 


■ ■ Xm (K m ) 



CorjiacHo Tpa,zrHHHH, 1-fi crojiGen, cooTBeTCTByeT Kjiaccy rpynnoBoft eflHHHHbi, a 
1-h cTpoxa co^;ep>KHT mpueuaAbHoe npe^cTaBjieHne. Kax ctpokh Tax h CT0Ji6irbi 
nonapHO opmoeonajibHU. BajKHaa HHCpopManHH o rpynne h ee npe^cTaBjieHHHX 
MoaceT GbiTb cHHTaHa Henocpe^cTBeHHo c Ta6jiHiibi xapaKTepoB. HanpHMep, Henpn- 
BO^HMoe npe^cTaBjieHHe HBjiHeTCH itiohhum Tor^a h TOJibKO Tor^a, Kor^a 3Hane- 
HHe xapaKTepa b 1-m cTOJi6n,e (t.c pa3MepHocTb) He noBTopaeTca 6ojiee Hnr^e 
b cooTBeTCTByromeii CTpoxe. TaGjimrbi xapaKTepoB nonTH nojiHocTbio onpe^ejiaeT 
rpynnbi. Ohh He pasjnraaiOT jihhib H30KjiHHHBie rpynnbi [6]. rpynnbi Ha3biBaiOTC3 

U30KJIUHHUMU, eCJIH HX (paKTOp-rpynnbl no HX H<3HTpaM H30MOp(pHbI. H30KJIHHHbie 

rpynnbi HMeiOT n^eHTHHHbie Ta6jiHirbi xapaKTepoB nocKOjibKy xapaKTepbi "nmo- 
pnpyioT" ueHTpbi. IIpHMepoM H30KjiHHHbix rpynn hbjihiotch 8-3JieMeHTHbie ^hs^- 
pajibHaa D 8 = {cuMMempuu Keadpama} n KBaTepHHOHHan Q§ = {±1, ±i, ±J, 
rpynnbi. 3^ecb i,j,k — KBaTepHHOHHbie MHHMbie eflnmiubi. 



E KoHeHHbie rpynnbi CHMMeTpnii n 
4>eHOMeHOjiorH5i 3jieMeHTapHbix nacTHii, 

B HacroHinee BpeMs Bee 3KcnepHMeHTajibHbie ^aHHbie [54] , KacaionrHecs (pyH^aivteH- 
TajibHbix nacTHii, corjiacyioTca co CTaH^apTHon Mo^ejibio, KOTopaa npe^cTaBjiH- 
eT co6ofi KajinGpoBOHHyio Teopnio c rpynnofl BHyTpeHHnx (KajinGpoBOHHbix) chm- 
MeTpnfi T, aBjunomencH npHMbiM npon3Be^eHneM rpynn U (1), SU (2) n SU (3). 
B KOHTexcTe Teopnn Bojibnioro 06be^HHeHHH npe^nojiaraeTCH, hto T — no,n- 
rpynna HeKOTopon Gojibnien (npeflnojioJKHTejibHO npocToft) rpynnbi. OTHOCHTejib- 
ho npocTpaHCTBeHHo-BpeMeHHbix CHMMeTpnii 3jieMeHTapHbie nacTHiibi no,npa3,n;e- 
jihiotch Ha flBa Kjiacca: 6o3onu, OTBenaroinne 3a (pHsnnecKne chjibi (rpy6o roBopa, 
ohh cooTBeTCTByioT sjieMeHTaM KajinGpoBOHHofi rpynnbi) n (fiepMuonu, HHTepnpe- 
THpyeMbie xax nacTHUbi MaTepHH. OepMHOHbi CTaH,n,apTHOH Mo^ejin cocTaBjiaioT 
Tpn noKOAeuufi neapnoe h Aenmonoe npe^CTaBjieHHbix b Ta6jiHne (mbi ^ijih KpaT- 
kocth onycKaeM aHTHHacTHirbi) : 
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Hacrjnpj pa3JiHHHL»ix noKOJieHHii oTjinnaioTCH Rpyr ot ^pyra TojibKo MaccaMH h 

KBaHTOBbIM CBOHCTBOM, Ha3BIBaeMBIM apOMdmOM. <J>H3HHeCKHe npOIjeCCbl, H3MCH3- 

rouine apoMaTBi, Taxne KaK, cjiaGbie pacna^bi KBapKOB hjih ochhjijihhhh HeirrpHHo, 
onHCBmaiOTca yHHTapHbiMH MampuufLMU CMemueaHun pa3Mepa 3x3. SKCiiepHMeH- 

TajIBHBie flaHHBie n03BOJI5IIOT BblHHCJIHTb a6cOJIK)THBie BejIHHHHbl 3JI6M6HTOB 3THX 

MaTpHii;. 

B cjiynae KBapKOB ("e KeapnoeoM ceKmope") , MaTpnijeii nepexo^a Me>K^;y "Bepx- 
hhmh" h "hhjkhhmh" KBapxaMH aBjiaeTca Tax Ha3biBaeMaH Mampui^a Ka6u66o- 
Ko6asimu-MacKaea (CKM) 





fv ud 


Vus 


v uh \ 


VCKM — 


Vcd 


Vcs 


Vcb 




{V td 


Vts 


Vb 



rp<e \V a p\ npe^cTaBjiaeT co6ofi BepoamocTb Toro, KBapx (HMeiouxHii apoMaT) j3 
npn cjia6oM npon,ecce nepexo^HT b KBapx a. nojiyneHHbie k HacTOHraeMy BpeMeHH 
3KcnepiiM6HTajiBHBie ^aHHBie flaioT cjie^yioiiiHe BejiHHHHBi fljia: Mo^yjieii MaTpnn- 
hbix 3 jieMeHTOB : 

V ud \ \V US \ \V ub \\ /0.974 0.225 0.004\ 
V cd \ \V CS \ \V cb \ = 0.225 0.974 0.041 . 
V td \ \V ts \ \Vtb\J \0.009 0.040 0.999/ 

Mbi Hcnojib30BajiH oxpyrjieHHe pp Tpex j^ecHTHHHBix inicbp — 6ojiee TOHHBie Bejin- 

HHHBI MOJKHO HaHTH B [54]. 

B " AenmoHHOM cenmope" cjiaGbie npon;eccbi onncBiBaioTca: MaTpHH,eii cMeniHBaHmi 
noHmeKopeo-MaKU-HaKasaea-CaKama (PMNS) 





fu el 
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3^;ecb HH^eKCbi e, /x, r cooTBeTCTByioT apoMaTaM HeiiTpHHo. 3to o3HanaeT, hto b 
cjia6bix npou,eccax HeftTpiiHo v^v^ v T B03HiiKaioT coBMecTHo c e + , r + (hjih no- 
pojK^aioT e~,/i",r _ ), cooTBeTCTBeHHo. HH^eKCbi 1,2,3 cooTBeTCTByioT co6cTBeH- 
hmm 3HaneHHM onepaTopa Maccbi. T.e. chmbojibi ^1,^2,^3 o3HanaioT HeirrpHHo, 
HMeioiHHe onpe^ejieHHBie Maccbi m 1 ,m 2 ,m 3 . MHoroHHCJieHHbie Ha6jno,n;eHH5i coji- 
HeHHBix h aTMOccpepHBix HeiiTpHHo h SKcnepHMeHTBi c HeiiTpHHo, nojiynaeMbix c 
noMomtio peaKTopoB h ycKopHTejiefi, bbihbjijhot ^HCKpeTHbie (Gojiee Toro, KOHen- 

Hbie) CHMMeTpHH , KOTOpbie HeB03MO>KHO BblBeCTH H3 CTaH^apTHoii Mo^ejiH. <J>eHO- 

MeHOJiorHHecKaH KapraHa c bmcokoh tohhoctbio BbirjiHjj;HT cjie/xyioiiiHM o6pa30M 
[62]: 

(a) ApoiviaTbi Un h v t pacnpe^ejieHbi c paBHbiMH BecaMH no BceM TpeM Mac- 
caM ui, Vii V3 (3to Ha3biBaeTCH " 6u-MaKCUMajibHUM CMemueanueM") : \U ^if = 
\U T i\ 1 i = I? 2, 3; 

(b) Bee Tpn apoMaTa npe^cTaBjieHbi paBHOMepHo b co6ctb6hhom 3HaneHHH z/ 2 
onepaTopa Maccbi ( u mpu-MaKcuMaAbHoe CMeiuueanue"): \U e 2\ 2 = {U^ \ 2 = 



75 



(c) v e OTcyTCTByeT b z/3: \U^\ = 0. 



9th cooTHOineHHH coBMecTHO c ycjioBH3MH HopMajiH3an;HH BepoaTHOCTefl npHBOfl3T 
k cjie^ryionrHM 3HaneHHJiM KBa,zipaTOB Mo^ryneft MaTpnnHBix sjieMenroB: 
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(94) 



HacTHbifi BHfl yHHTapHofi MaTpnnBi y^oBjieTBopsKtrnen ^aHHBiM (94) 6biji npe^Jio- 
aceH XappncoHOM, IlepKHHCOM h Ckottom b [13]: 
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3Ta, Tax Ha3BiBaeMaa mpu6uMaKcuMaAbHasi (TB) MaTpnua cMeninBaHiiii coBna- 

^aeT — C TOHHOCTBK) flO TpHBHajIBHOH nepeCTaHOBKH flByX CTOJl6lJ,OB, COOTBeTCTBy- 

lomeH nepeHMeHOBaHHio v\ V2 ,zrBy x MaccoBBix cocToaHnii — c MaTpnnefi npeo6- 
pa30BaHH3 (52), pasjiaraioineii 3-MepHoe nepecTaHOBOHHoe npe^CTaBjieHHe rpynnBi 
S3 Ha HenpHBO^HMBie KOMnoHeHTbi. 3to 03HanaeT, hto mbi mojkcm otojk^cctbhtb 
6a3Hc apoMaTOB c 6a3ncoM nepecTaHOBOK Tpex sjieMenroB, a MaccoBBift 6a3nc c 6a- 
3hcom b kotopom nepecTaHOBOHHoe npe,ri,CTaBjieHHe pa3Jio»ceHo Ha HenpHBo^HMBie 
KOMnoHeHTBi. B [14] XappncoH h Ckott no^,po6HO nccne^ryiOT cbs3b onepaTopa 
Maccbi HeftTpHHo c Ta6jiHn;eH xapaKTepoB h ajireGpofi KjiaccoB rpynnBi S3. 

B HacTosmee BpeMa aKTHBHo pa3pa6aTBiBaioTC3 n H3ynaioTca Mo^ejin, b ocHOBe 

KOTOpBIX JieJKaT KOHeHHBie rpynnBi CHMMeTpHH, CBH3aHHBIX c apoMaTaMH (o63opBi 

3toh ^eHTejiBHocTH npeflCTaBjieHM, HanpHMep, b pa6oTax [19, 49]). Ilpn KOHCTpy- 
npoBaHHH 3thx MCflejieft HanGojiee nonyjiapHBi cjie^ryioHrHe rpynnBi: 

T = A 4 rpynna (cHMMeTpnn) TeTpas^pa, 
T' — ^BOHHaa HaKpBiBaioni;a5i rpynnBi A4, 

= S4 — rpynna OKTas^pa, 

1 = A 5 rpynna HKocaa^pa, 
Dtv ^HS^pajiBHaii rpynna (N — neTHoe), 
Qtv — KBaTepHHOHHaa rpynna (4 ^ejiHT N), 



E(2/V 2 



rpynnBi stoh cepHH HMeiOT CTpyKTypy (Z^v X Ztv) X Z 2 , 



A (3N 2 ) — cTpyKTypa (Zjv x Z N ) x Z ; 



E(3/V 3 



CTpyKTypa (Z N x Z N x Z N ) X Z 3 , 



A (6N 2 ) — CTpyKTypa (z N x Z N ) x S 3 . 
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B KBapKOBOM ceKTope Ha6jiiofleHH5i He ^aioT TaKoft oTneTJinBoii KapTHHbi KaK b cjiy- 
nae jienTOHOB. HMeeTCH pa/i; pa6oT nocBHiu;eHHbix noncKy KOHenHbix CHMMeTpnn b 
KBapKOBOM ceKTope h GHMMeTpHH, oGinnx fljis KBapKOB n jienTOHOB. HanpHMep, b 
pa6oTe [4] rpynna D14 Hcnojib30BajiacB rjik o6b.HCHeHH5i BejiHHHHbi yrjia Ka6n6- 
60 (o,thh H3 napaMeTpoB MaTpnirbi cMeniHBaHHH CKM), oflHaico, 6e3 KaKOH-jinGo 
cbh3h c jienTOHHBiMH cHMMeTpHHMH. B uejioM, ecTecTBeHHbie nonbiTKH HafiTH jj;hc- 
KpeTHbie GHMMeTpHH, o6i>eflHHHioiHiie jienTOHbi h KBapKH, jj;o chx nop ocTaioTCH 
He cjinniKOM ycneniHbiMn. TeM He MeHee, HMeioTCH HeKOTopbie o6HafleacHBaiomHe 
Ha6jno^i;eHHa:: HanpnMep, Keapn-AenmoHHafi KOMnAeMewmapHOcmt> — 3KcnepnMeH- 
TajibHbifi cpaKT npn6jin>KeHHoro paBeHCTBa 7r/4 cyMMbi yrjioB CMeniHBaHHH fljia 

KBapKOB H JienTOHOB. 

npOHCXOJKfleHHe KOHeHHblX GHMMeTpHH Me»Cfly 4>yHflaMeHTajIbHbIMH HaCTHHaMH 

b HacTonmee BpeMH He hcho. Hmciotch pa3JiHHHbie nonbiTKH o6b.HCHeHH5i, hho- 
rjj,a HecKOJibKO nepeycjiojKHeHHbie h HCKyccTBeHHbie. HanpHMep, sth CHMMeTpnn 
HHTepnpeTHpyioTCH KaK CHMMeTpnn MHoroo6pa3nii, B03HHKaioriiHX b pe3yjibraTe 
KOMnaKTH(pHKan;HH flonojimrrejifeHbix H3MepeHHH b Teopnsx c npocTpaHCTBaMH Bbl- 
cokhx pa3MepHOCTCH [1]. C Haniefi tohkh 3peHHH, H^eH Toro, hto CHMMeTpnn Han- 
Go jiee cpyHflaMeHTajibHoro ypoBHH hbjihiotch KOHenHbiMn caMn no ce6e, BbirjiH/xnT 
Gojiee npHB jieKaTe jibHofi . IIpH TaKOM noflxofle, yHHTapHbie rpynnbi, Hcnojib3yeMbie 
b cpH3nnecKHx Teopnnx npe^cTaBjiaioT co6on cBoero po^a "pe3epByapbi" b kotopmx 
co6paHbi "Ha bchkhh cjiyHafl" Bee B03MO>KHbie KOHenHbie rpynnbi, HMeiornne toh- 
Hbie npeji;cTaBjieHH5i cooTBeTCTByrorneii pa3MepHocTH. HanpnMep, rpynna SU (n) b 
KanecTBe no/xrpynn coii,epjKHT Bee KOHenHbie rpynnbi, HMeiomne TonHbie n-MepHbie 
npe^cTaBjieHHH c onpe^ejiHTejieM paBHbiM e#HHHn;e. Bojiee Toro, BBH/xy hsGbitoh- 
hocth nojiH C, rpynna SU (n) He hbjihctch MHHHMajibHoii rpynnofl, coj^epxcamen 
Bee KOHenHbie rpynnbi c yKa3aHHbiMH CBoficTBaMH. 

CKopee Bcero, TaKne He6ojibnine rpynnbi, KaK S3, A4 n T.n., npeflCTaBjiaiOT co6oii 
jinnib cjie^bi 6ojibninx KOM6nHanHH (pacninpeHnii, npHMbix h nojiynpHMbix npon3- 
Be^eHHii) Gojiee cpyHflaMeHTajitHbix KOHenHbix CHMMeTpnn. Mojkho oxcn^aTb, hto 
ecTecTBeHHbiH MacniTa6, Ha kotopom TaKne cpyHflaMeHTajibHbie CHMMeTpnn npoHB- 
jihiotch, 3to MacniTa6 Bojibnioro C^teflUHemiH. Mojkho nonbiTaTbcs jj;jis HanpaB- 

JieHHOrO nOHCKa CpyHflaMeHTajIbHfelX CHMMeTpHH BOCnOJIb30BaTbC5I CHMMeTpHHMH 

CTaH^apTHon MoflejiH. HanpnMep, KOHenHbie no/xrpynnbi rpynnbi SU (3), HMeio- 
inne TOHHbie 3-MepHbie npe/i;cTaBjieHH5i, nojmocTbio onncaHbi: nx cnncoK co^epjKHT 
HecKOJibKO GecKOHenHbix cepnft n HecKOJibKO oTflejibHtix rpynn. O/XHaKo TaKaa no- 
nbiTKa Bpafl jih 6yneT flocTaTOHHo ycneniHon, nocKOJibKy CTaHflapTHaa Mo,n;ejife, 
npeflCTaBJiaeT co6oii KOMnaKTHyio cpopMy onncaHHe cpeHOMeHOJiornn, nojiyneHHoii 
npn MacniTa6ax sHeprnn okojio 10 4 TsB, Tor^a KaK MacniTaG Bojibnioro 06 r be,nHHe- 
hhh paBeH npHMepHo 10 16 TbB, hto j^obojibho 6jih3ko k njiaHKOBCKOMy MacniTa6y 
(10 19 TsB) h flajieKO bbixoaht 3a npeflejibi sKcnepnMeHTajibHbix bo3mojkhoct6h. 

nO-BHJ^HMOMy, e/XHHCTBeHHblM npaKTHHeCKHM IIOflXOflOM HBJIHeTCH KOHCTpyHpOBa- 

HHe MOflejien h cpaBHeHne cjie/i;cTBHH H3 hhx c flocTyimfeiMH 3KcnepHMeHTajibHbiMn 
flaHHMMH. B TaKoro poji,a Hccjie/i,OBaHHJix MoryT oKa3aTbca nojie3HbiMn MeTo/jbi 
BbinncjiHTejibHOH Teopnn rpynn [15]. 
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